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Introduction

This Reporthasnot beenconceivedfor specialistreadersbut for thosewho areinterestedin the
techniquesand the calculation methods involved in the project of interferometric antennasfor
gravitationalwave (GW) detection. I think that my contributionto this didactical approachis more
usefulthanto makea repetitionof the alreadyexcellentreviewarticleson the field of GW generation
anddetection[Braginskiiand Rudenko1978,Douglassand Braginskii1979,Weiss 1979,Thorne1980,
1987,Houghet al. 1987]. On theotherhand,daily contactwith the problemsarisingfrom the technical
solutionsnecessaryto plan the very large interferometerVIRGO gave me the push to write this
Report; I realize that regretfully many authors will not be quoted in the text, as will be some
experimentalresults. I apologizefor suchomissions.

The generationof laboratoryGWs with the purposeof detectingthem in a “Hertz experiment”
[Misner,Thorneand Wheeler1973 (MTW), BraginskiiandManoukine1974,DouglassandBraginskii
1979] is unfortunatelyan almosthopelessenterprise.Extremelyhigh-energyparticlesacceleratedin the
next generation acceleratorshave been consideredas potential candidatesfor the “laboratory”
generationof GWs [Braginskiieta!. 1977,Vinet 1981,Diambrini,PalazziandFargion 1987], but even
in this casemanymoreyearswill be neededto succeed.Astrophysicalsourcesseemto be nowadaysthe
only possible emittersof detectablegravitationalradiation; in the following I will mention briefly the
bestcandidatesourceslikely to be detectedin the coming years.

The amplitude of the GWs emitted will be denotedby meansof the dimensionlessquantity (see
section 1)

h~~_—~4~—~d?.fp(3XuX13_kx~X2)dU, (1.1)

whereG is the Newtonconstant,c the light speed,R0 the distancefrom the source,p the sourcemass
distribution and the integral is calculatedover the sourcevolume. The effect it produceson the
separationL of two freely falling masses(see section 2) is a variation LILa ~L’~h~,which is a
measurablequantity. Hence I will denoteby h = h~the strengthof the sources.

Historically the mostdiscussedand most likely producerof detectableGWs hasbeenthe collapseof
astar. In this processthe matter explosion,due to eq. (1.1), must not be of sphericalshapefor the
emissionof GW; an approximateformula is

h —~5x 1o21(_4~) ( 15 MPc)( 1 kHz)( i0
3 )l/2 (1.2)

10 R
0 V T

where i~= ~EIM0c
2 is the fraction of energyemitted in GWs, R

0 the distance, i.’ the observation
frequencyand r d,Ic the time it takesthe collapseshock to traversethe sourcedimensiond,. The
quantity ~ is the fraction of total energyconvertedin GW, supposedto be <0.2.The explosionrate is
expectedto be 1 in 40 yearsin the galaxyand a few per yearin the Virgo cluster.The pulsedurationr
is usuallyconsideredto be ~1 ms, hencedetectorsaretunedaccordingly.

Otherclassesof events,of far lesscertainpredictability,arethoseinvolving blackholes.Theinfall of
a particle stronglyproducesGWs; moreover,if the particlespiralsinto the blackhole, the radiationis
100 timesmore intensethanfor radial infall [Kojima andNakamusa1984].

A mechanismsurelyemitting high-intensityGWs is the rotationof compactbinary objectssuchas
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neutronstars;since the stardiametercan be ~10km, the mutualdistancecan be sosmall that before
coalescencevery intenseradiationis produced.The signal amplitude is

h~lO_23(1OOMpc\(~_~(_~_\(V ~2/3 (13)

— \ R0 )\M0) ‘\M0J\lOOHzJ

whereM and js arethe total andreducedmass,respectively,andM0 thesolarmass.The timeelapsed
aroundthe frequencyv 15

(1.4)

Since the detectorS/ N ratio is proportionalto ~

1/2, it follows from (1.4) and (1.3) that the S/N ratio
increasesas V 213, i.e., detectorshaving an extendedbandwidthat low frequencyare more likely to
detectthesesources.An estimateof Clarket al. [1979]gives 3 eventsper yearin a sphereof 100Mpc
radius.

Pulsarshave been interpretedas rotating neutronstarshaving an off-axis magneticdipole field
[Pacini1968, Gold 1968], andareconsideredto be the bestcandidatesas continuousGW emitters. A
surfaceprotuberanceor asphericalshapewith an ellipticity e could give an amplitude[Zimmermann
and Szedenits1979, Zimmermann1980]

h 1023~(~ 10~~), (1.5)

where V is the GW frequency,twice the rotation frequencybecauseof eq. (1.1). Upperlimits to the
GW emissionfrom the Vela and Crab pulsars havebeen estimatedby Zimmermann[1978]to be
h 3 x 10-24 and 2 x 10_26 (standard Crab model), respectively,but according to the model of
Pandharipandeet a!. [1976],the Crabpulsarmay havean amplitude upper limit of h 1025.

Since the total number of pulsars in the Galaxy has beenestimatedto be —~10~[Taylor and
Manchester1977,Lyne et al. 1985] andthe fraction of pulsarswith GW frequency>10Hz is about5%
[ManchesterandTaylor 1981,Rawleyet a!. 1986, Baroneet al. 1988] we can expectseveralthousand
pulsarshaving GW frequencyv> 10Hz and in the frequencyrangeof the kilometric interferometnc
detectors.

The Heisenberguncertaintyprinciple setsa fundamentallimit to the strainsensitivity measuredby
meansof two freely falling massesM separatedby a distanceL, in a time T,

h 1 ~ 1 5 x 1025(i03 m~(1 Hz~(i07 s\~1/2(102 kg~112 I 6(.)

whereIi = 2iw and/1 is thereducedPlanckconstant.With M 300kg, T= 3 X i07 s, L = 3 X ~ m, at
the Crabfrequency(V = 60Hz) eq. (1.6) gives h > 1.5 x 10_28.

If a pulsarand a starform a binary systemtheremaybe adrainageof star matterfrom the pulsar’s
surfacedue to the high gravitationalfield. This matteris accretingaroundthe neutronstar,which is
then spun up; the accretion may then reach the Chandrasekhar[1970]—Friedman—Schutz[1978]
instability point and strongly emit GWs with an expectedamplitude[Wagoner19841
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h 2 x 1028(300Hz)(1O17~cm2)1/2

whereF~is the flux of the emittedX-rays.
The stochasticbackgroundof GWs producedby all sourceshasan expectedamplitude(for a review

seeHough et al. [1986],Thorne [1987])

6 x 1026( (2)l/
2(100Hz) (1.8)

where Il~~is the ratio of the sourceenergydensity in a bandwidth V to that necessaryto close the
universe(10_15J/cm3).

The basicand,to my opinion, the first ideaof the interferometricdetectionof GWs is, clearlystated,
containedin apaperof GertsenshteinandPustovoit[1963];their ideais that “. . . . it shouldbepossible
to detectgravitationalwavesby the shift of the bandsin an optical interferometer”.The first complete
work on the noisecompetingwith the GW signalin an interferometricantennais dueto Weiss[1972];it
is also hismerit to haveadvancedthe idea of usinga “stable” cavity such as the Herriot [1964]delay
line, andfast light phasemodulation to get rid of the laser’s amplitude fluctuations.But the very first
experimentalattempt,giving high sensitivity in the measurementof the testmassdisplacementis dueto
Forward[1978].Forwardusedretroflectorsto reflect the beambackto a beamsplitter andusedactive
controls to lock the interferometerto a fringe; he obtained a spectral strain sensitivity of h>
2 x 10_16Hz_t/2for p >2kHz.The Max Planckat Munich group[Billing et al. 1979], following Weiss’
delay lines idea, carried out the construction of a 30 m interferometerhaving a sensitivity h
8 x 10_20Hz112.

The alternativeto usingdelaylines is usingFabry—Pérotcavities;thisscheme,whichwas pursuedby
Drever[Dreveret al. 1980,1981], is very eleganteventhoughit requiresmoresophisticatedopticaland
feed back design than in the delay line case.Two Fabry—Pérotinterferometersare now working in
Glasgow and Caltech with a sensitivity h — 1.2x 10_19Hz112 [Ward et al. 1987] and h 5 x
10_19Hz112 [Spero1986], respectively.

Several optical schemeshave beeninvented for increasing the interferometer’ssensitivity: light
power recycling [Drever 1982] allows the reuse of the unusedlight from the interferometer;the
synchronousrecyclingscheme[Ruggiero1979, Drever 1981] allows an increasein the interferometer’s
sensitivity to periodic signals as do the methodsof detunedrecycling [Vinet et al. 1988] and dual
recycling[Meers1988]. Of all theseschemesonly that of powerrecyclinghasbeentestedexperimental-
ly [Rudigeret al. 1987, Man et al. 1987] with success.All the signal recyclingschemeswill be tested,
perhapspainfully, in the future kilometric interferometers.

Anotherapproachto increasingthe sensitivityhasbeengiven by Caves[1980],who was the first to
realize that photon numberfluctuations in the interferometer’sarms could be producedby vacuum
fluctuationsof the light field at the unusedport of the beamsplitter; the ideawasto inject into this port
a squeezedphotonstate,i.e. a statehaving phasefluctuationssmallerthanPoissonianbut with larger
amplitudefluctuations.The existenceof thesestateshasbeendemonstratedexperimentallyandthis has
led the Munich group [Gea-BanaclocheandLeuchs1987] to experimentallyexplorethe sqeezingroute.

At this very moment (February1989) it seemsthat thereis a likely chancethatthe constructionof
four largeinterferometerswill be approved:the German—Scottishone, theFrench—Italianoneandthe
two American ones. JapanandAustralia are likely to join this group. The need of several large
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interferometersis also dictatedby the necessityof making coincidencedetectionof GW signals.
Thereis alsoa finite chancethat GWs will bediscoveredmeanwhileby the bardetectorsandthiswill

finally convincephysicistsfrom otherfields to join what I considerthe most exciting and, atthe same
time, frustratingexperiencea physicistcan have.

This Reporthasbeensubdividedinto 14 sections:in section1 the generationmechanismof GWs and
in section 2 the interactionof GWs with matter are described.Delay lines and Fabry—Pérotoptical
interferometersare describedin sections3 and4, respectively.The recyclingschemesare describedin
section5, the laserintensitynoisein section6 andthe noisedueto thelaserlinewidthin section7. The
laserlateralbeamjitter noiseis describedin section8 andthe noisedue to gaspressurefluctuationsin
section9. The thermal noiseis describedin section10, the seismic noise in section11, the radiation
pressureeffectsin section12, the cosmicray backgroundin section13 andfinally, a pictorial description
of sourceintensitiesand relevantnoisesis presentedin section14.

1. The generationof gravitationalwavesandthe transversetracelessgauge

In Einstein’sTheory of GeneralRelativity (TGR) [Einstein 1916] GravitationalWaves (GWs) are
shown to be ripples in the space—timecurvature propagatingwith the speed of light. Under the
hypothesisof weak fields a perturbation~ to the flat metric tensor

1000
0 —1 0 0

~~MP= 0 0 —1 0 (1.1)
0 0 0 —1

is createdby the energy—momentumtensor~k accordingto the equation(seeMTW)

(8~rG/c~)r~k, (1.2)

where ~
1~k= htk — ~ôIkh,~G is the Newtonconstantandc the speedof light. Frommomentum—energy

conservation,

(1.3)

andconsideringthat r
00 = pc

2, wherep is the matterdensity,it follows that [LandauandLifshitz 1951]

= — 2G ~ J px”x~dV), (1.4)

whereR
0 is the distancefrom the source;eq. (1.4) is valid whenthe matterspeedis far lessthancand

whenthe GW wavelengthis muchlargerthanthe sourcedimensions.Fromeq. (1.4) it follows thatthe
GW field is producedby the secondmomentof the massdistribution.

Since is asymmetrictensorit has10 independentelements,which arereducedto 6 sinceeq. (1.3)
gives

yi~=0. (1.5)
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The number of independentelements of ~ can be further reducedby applying the coordinate
transformation

(1.6)

wheres~areinfinitesimal functionswhich must leave unchangedthe line element

ds2= g~dx~df. (1.7)

Equation (1.7) imposes

(1.8)

~ = — as.,~/ox~— . (1.9)

Hence writing ~1~k as a planewave propagatingin the k direction at speedc,

hj~ik= Alk e~’~ krk. = 0 , (1.10)

and putting [seeeq. (1.9)]

= C,~e~kr5r (1.11)

we can define a four-velocity V” andchooseC~suchas to give

A~kV”=0. (1.12)

But thesefour equationsare not independentsince klAikVk = 0 for any given k; hencea further
condition can be applied and we impose

A~=0. (1.13)

This conditiongivesh~= 0 and

= . (1.14)

Equations(1.5), (1.12)and(1.13) definetheTransverseTraceless(TT) gauge(seeMTW); by choosing
V°= 1, V= 0 we obtain

h~= 0, i.e. only spatial components� 0,

= 0, i.e. divergence-freespatialcomponents, (1.15)

= 0, traceless.

Let us assumethe wave propagatesalong the x
3 axis; then
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k=(k,0,0,k), (1.16)

and from eq. (1.15) it follows that

~TTLTTn LTTLTT

ri
3K ~ ‘ fl11 — ft22 — ~j —

In matrix form

00 0 0 00 00 0000

h~
T= ° ~ = h~ ~ + = A~e~+ AXe~k. (1.18)

00 0 0 00 00 0000

The two polarizationse~ande~are exchangedby a rotationR of IT!4 aroundthe x
3 axis, i.e.,

0 000
10 110

R(ir/4)=~ 0 —i i 0

0 000 (1.19)
R(IT/4)e~R~(~rrI4)= _eX , R(irI4)e~R

1(ir/4)= e~

This behaviourunder rotation is properto a spin-2 field.
The Riemanntensor

— 1 ( t92him + — 82hkm — 9h~ 1 20
Rikim — ~ \ ~xk ~ ~i ~m ox’ ~ Oxk

0m ( . )

with the conditionsof eq. (1.11) becomessimply

D -~ D — i/jTT 11tikl,n _~‘ “OaOfl — 2 ajl

The TI part of eq. (1.4) can be evaluatedby applying to the~r projectionoperator(seeMTW)

= ~jk — n
1n~, (1.22)

wheren is the unit vector in the direction in which we want to evaluatethe YF part of the GW
amplitude;hence

= ~cx/~ — ~ (1.23)

It is easyto verify that from eqs. (1.23), (1.4) and(1.15) it follows that V’~n~=0, ~1’~=0, and

= — 2G (~f P(PajX’~1~i~— a~m1im)th.~) — 2G b~, (1.24)

whereD~is the reducedquadrupolemomentumof the GW emitting masssystem.
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2. The detection of gravitational waves

A particlemoving freely underthe actionof a gravitationalforce hasits coordinatesx~’satisfyingthe
geodesicequation

+ ~ dk~dx” = 0, (2.1)

wherer is proportionalto the particle’spropertime and

_i + 0g~~ 0g~~ 22vA —
2g ~ Ox” Of Ox

tm ( . )

arethe Christoffel symbols.It is alwayspossibleto find a space—timetrajectoryin whichF~= 0 at any
time; alongthistrajectorythe particleis freely falling. It is easyto showthat theseparation~“ between
two particlesA andB satisfiesthe geodesicdeviationequation

D2rRa
7dx~dx

8
0 23

dr
2 dT dr — ‘

whereD2 is the secondcovariantderivative,

~ ‘~~-~-~+r-~-(‘~~~+r(~k~+r ~ 24
dr2 — dr2 dr dr ~‘ dr dT I ~“\ dT drl dr

With thepurposeof evaluatingr let usputx = 0 in the centerof masssystem(CMS) of particleA (see
MTW), the time x

0 equalto the propertime r andthe coordinateaxis connectedto gyroscopescarried
by A. At x =0, sinceA is freely falling along the geodesicline, we obtain

~ = (dF,idr)~..0= 0, (2.5)

and eq. (2.2) becomes

D
2r!dr2 = d2~IdT2. (2.6)

Introducingeqs. (1.21)and(2.6) into eq. (2.3) andconsideringthat, to first order in h~,t~r, wheret
is the observationtime, we obtain

d2r/dt2= = ~(d2!dt2)h~~. (2.7)

From eq. (2.7) we can see the effects of GW polarizationon the detector;if the GW is propagating
along the z axis andthe massesA and B are locatedas in fig. 2.1, then

= (xA — xB). (2.8)

Putting

F,, = M d2e!dt2= ~M (d2!dt2)h~’~, (2.9)
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____ GW

z ‘I’

A _________

Fig. 2.1. In an inertialsystemhavingtheorigin in thecenterof massof massA theeffectof aG’sV travelingalongthez axisis to displacethemassB
from theequilibrium position by an amount~r= lh~~[seeeq. (2.7)].

and consideringthat the only independentcomponentsof h~ are h~andh~,we can write the
projectionF of Fa alongthe line connectingA to B,

F(O, ç) = F,, ~ I = ~M(h~ sin2Ocos2~+ h~sin2Osin2w). (2.10)

In eq. (2.10) the tidal characterof the forceproducedby aGW is clearly shownby the term I. It is
also evident from eq. (2.10) that F = 0 if the massseparationr is in the GW propagationdirection.

In the interferometricantennathe mirrors areattachedto massessuspendedwith wires like pendula.
With referenceto fig. 2.2, the beamsplitter in the origin hasmassm

1 andthe othertwo mirrors have
massm2 andm3, respectively,andareplacedat a distanceL from the origin; ~ arethe coordinatesof
the massesrn in the CMS. The CMS coordinatesare

xcms = Lrn3!(m1 + rn2 + m3), Ycms = Lrn2! (m1+ rn2 + rn3). (2.11)

For the sakeof simplicity weassumethatthe OW is propagatingalongthe z axis; underthis condition,

usingeq. (2.7), the accelerationof the mirrors producedby the GW interactionbecomes

(~l)Gw = —~(/i~
Txcms+ k~TYcms)’ (~

3)0~ [~(L~ — Xcms)~~~2~Ycms], (2.12)

(y1)0~, — 2( 21 xcms+ 22 Ycms) (Y2)ow — 2[ 2lxcms + 22 (L — Ycms)]

The equationsof motion of the mirrors read

x1+r1
1(x

1 —~1)+(g/l1)(x1 —i1)=(i1)0~, ~

91+r~’(~1—~1)+(g/l1)(yl~l)(93)Gw, ~

(2.13)
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ly
m2 _.~ (X20,v2L)

L \
\~(Xcm~Ycm)

__ 7 ~‘>< ~

m1 (x1O,Y~O) (x3=L,Y3=o)

Fig. 2.2. The interferometer’smirrors, havingmass in,, m, and m,, are located at (x, y) positions (0,0), (0, L) and (L, 0), respectively.The
accelerationof the mirrors producedby a GW travelingalongthez axisis calculatedintroducingtheir coordinatesin theCMS, ~,, into eq. (2.9).
The inertial referencesystemhastheorigin in thecenterof massof the mirror system.

where~ andl~are, respectively,the relaxationtime and the lengthof the ith pendulumand~,, 57, are
the pendulumsuspensionpoint displacementsdue to seismic noise. Equations(2.13) can be solved
exactly, but for the sake of simplicity we assumer~= and 1, = l~ thenwe can subtractthe first
equationfrom the secondand the third from the fourth, obtaining

~ ~
(2.14)

where i~x=x1—x3, Ay=y1 —y2,~=i~ —~and&~=57 y2’ w~=g!l and r=r~.

In a single-passinterferometerthe phasechangeis

= 4ir(i~x— z~y)!A, (2.15)

whereA is the light wave length;hence,consideringthat, whenthe OW is propagatingalongthez axis,

= —h~and putting ~ =4IT(~i—z~5
7)!A,we obtain

~ + T~1(1~— ~) + — ~) = ~ ~
1L. (2.16)

This equationcan be easilyintegratedgiving [Pizzella1975]

= f sin ~~(t — i~)et/
2~[/i~(fl) + r1 ~ + w~~(~] d~,

(2.17)

= — 1 /(4’r2).
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To understandthe effect of the OW on A~wecan neglectthe seismicnoisecontributionandstudythe
behaviourof eq. (2.17) assumingtwo simple functional forms for h(t) = h~T(t).In the first casewe
assumeh(t) to be a pulse of durationAt 4 1/w0 and amplitude h0,

h(~)= h0[O(~)— O(ii — At)]. (2.18)

Inserting eq. (2.18) in eq. (2.17) and assuming the mechanical quality factor of the pendula
Q = w~r~ 1 we obtain

Ap(t) = ~ h(t)+ ~ h~[w~At sin(w0t)e’~+ O((w0 At)
2) + O(1/Q2)]. (2.19)

Equation (2.19) showsthat in the interferometricdetectorthe measurementof Aq gives a precise
measureof h(t); the term in h

0, which representsthe “memory” thatthe pendulahaveof the OW for
t> At, can be neglectedsinceit is multiplied by w0 At4 1.

In the secondcasewe considera periodic GW with amplitude

h(t) = h0 ~Iflgt (2.20)

Insertingh(t) in eq. (2.17) we obtainfor t>> ‘r

4ITL fl

2~It~gt/

2

= — A — f2~+ ~I1g!T~ (2.21)

For fig> w0 and Q ~ 1, eq. (2.20) becomes

Aq = (4irL!A)/h0e’
t1~’ (2.22)

Equation(2.22) showsthatwith an interferometricdetectorit is possibleto measuredistortionlessh(t)
even for a periodic OW; hencethe very peculiarity of this detector is due to the low value of the
pendulumresonancefrequencyv~,which can be made as low as a few Hz, giving the possibility, in
principle, to detectlow-frequencyOWs. Furthermorethe possibilityof making L very large(somekm),
in virtueof eq. (2.9),would allow the operationof the antennaatroom temperaturewhile maintaining
high sensitivity even in the presenceof noise, such as thermal noise, which is dominant at low
frequency.

For theevaluationof the phaseshift dueto the OW interactionof a photonbeambouncingbetween
two mirrors, it is opportuneto choosea coordinatesystem in which the mirrors are at rest; in this
systemthe only OW interactionwith thephotonbeamis dueto the changeof the metriccoefficients. In
fact if the mirrors arefreely falling (i.e. with suspensionshavingno rigidity), thenin the TI systemthey
areatrest; this is easilyshownconsideringthat to first order in h,,~from eqs. (2.2) and(2.4) it follows
that

2~a ~

F” —÷ F” = —

11TT — ~-~--— — —R” ~y — — 1/jTT ~ 2 23
f3z ~O 2 a~ dr

2 — dt2 2 a
1SS — O~OS — 2 aftS

and hence(~“).~=0.
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A matrixapproach,usedextensivelyfor the evaluationof the phaseshift dueto the OW interaction
with a photonbouncingbetweenfreely falling mirrors,is due to Vinet [1986].The methodis basedon
the considerationthat due to eq. (2.23) the only effect of the OW on a photonis containedin the
perturbedds2,

ds2 = c2 dt2 — [1+ h(t)] dx2 — [1— h(t)} dy2 , (2.24)

whereh(t) = h cos4i, with q5 = flgt + ç and the photonis supposedto travel along the x or y axis.
If the photonis scatteredbackby a mirror at distancex= L, thenfrom eq. (2.24) it follows thatthe

round trip retardedtime is

2L L sin~
tr=t—-—Eh—-——cos(43—71), (2.25)

where~ = flgL!C and e = ± 1 if the photon is traveling alongx or y, respectively.
If the time dependentpart of the EM fields along the trajectory is takento be

A(t) = (A
0 + ~h e’

4’A
1 + ~he’~A2)e”’’, (2.26)

wherew =

2IT1.~ (a,~is the laser frequency)thensubstitutionof eq. (2.25) in eq. (2.26) gives (to first
order in h)

A(t) = e~~(2~_t)[Ao+ ~h e14(Ai ~_2IflgL/C + iwe ~ ~ e”~Ao)

+ ~he’~(A
2e

2ii7gLfC + iwg ~ ~ e~Ao)]. (2.27)

This can be put in matrix form,

A
0 ‘ (A0

A1 =D(A1 , (2.28)
A2 \A2

1 00

5ifl7l —~ —

D=x ie~—e )‘ 0 , (2.29)

ie-~e’~ 0 y

= wL!c, x= e
2’~,y= e2”~.

This approachcan be appliedto interferometricOW detectorsbecausein this kind of antennathe
observationfrequencyis alwaysabovethe mirror suspensionmodefrequencies,hencethe mirrors can
be consideredas being freely falling.

The caseof mirrors elasticallyboundwith self-frequencyI1,~,= flm/’21T hasbeentreatedby Pegoraro
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et al. [1978];they found a gaugetransformation

= i— Ah~x”x~, e~= ~— Ah,,~xaxll,
C C (2.30)

= —Ah~x~,f~,a = 1,2,

A=~f2~/(fl~,,—Q2),u1~ulm~ (2.31)

giving a ~ evaluatedby meansof eq. (1.9), which leavesat rest a mirror initially atrest.
An eikonalequationexpansionto first orderin h,,,, hasbeenstudiedby Linet andTourrenc[1976];

they found that the photonphaseshift can be put in the form

~1

c= h~~p~p~dt, (2.32)

wherep~is the photon four-momentum,andshowedthat in the resonancearisingfrom the OW and
photoninteraction [BraginskiiandMenskii 1971,Braginskiiet al. 1974]the photonphaseshift increases
linearly with time and is proportionalto the ratio w /f1~.

3. Delay line interferometers

The needto increasethe interferometerphaseshift dueto a OW signalis dictatedby theexistenceof
noisewhich affectsonly the phaseof the opticalrayswithoutcreatingrealdisplacementsof themirrors.
To overcome the effects due to this noise, which will be called “phasenoise” in contrast to
“displacementnoise”, it is very importantto find an opticalschemeallowing thebeamsto bounceback
and forth in the optical cavities.

Actually the ultimate phasenoise is the photoncounting noisç A4~~(t)due to the anticorrelated
fluctuationsAn of the photonnumbern in the interferometerarmsaccordingto the uncertaintyrelation

(Aç~pC(f)2)U2=A4~p~�1!An. (3.1)

For a photoncoherentstateAn = -“Th, hence

� 1/Vu = \/hVQ/Wefft, (3.2)

whereh is Planck’sconstant,i.’
0 the laserfrequency,Weit the light powerin the interferometerarmsand

t the measurementtime. If the light makes2N reflections(seefig. 3.1), the phaseshift dueto amirror
displacementAx12= ± ~h(t)L is

4NIT - -
A Ax+ p1,2 ~,/2+ ~1,2’ (3.3)

where p1,2 are given fixed phaseshifts in the two arms and Ax has beenevaluated in the limit
115L/C4l.
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PD

LAS~ hL

~PD

Fig. 3.1. In the delay line scheme,the laserbeamenters thetwo optical cavitiesand bounces2N timesbetweenthe mirrors with the purposeto
increasethe 5/N ratio of the OW signal to the photon countingnoise.

With referenceto fig. 3.1 the powerof the recombinedbeamsis

W~= R4”(W!2)[1 ±cos(~~,+ ~ + A~pc)], (3.4)

whereR2 is the intensity reflectivity of the mirrors, ~ = — ~‘2 andAçb~~hasbeen evaluatedfor
Weff= WR4N.Putting~ = rr/2, measuringW~with photodiodesPD havingefficiency~ andforming the
current difference,we obtain

Al2 I~{[(4NIT!A)h(t)L]2 +A~~}+ Al~N, (3.5)

where

= (We!hi.’,~)i~R4”and AISN = e~(WR It/Itt )7)(1 —

arethe photodiodemeancurrentandcurrentfluctuation,respectively;e is the electriccharge.The OW

detectioncondition, introducingeq. (3.2) in eq. (3.5) and usingeq. (3.3), reads

h(t)> 4NirL ~Wt~R~’~’ (3.6)

wherethe assumption2flgNL!C 4 1 hasbeenmade.Equation(3.6) showsthat2N reflectionsincrease
accordinglythe S/N ratio for the photoncounting noise.
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The delayline (DL) schemewasfirst studiedby Herriotetal. [1964];thelaserbeamentersthe cavity
through a hole in the near mirror with coordinate(x0, y0) and slope (x~,y~)(see fig. 3.2) and is
reflectedbackandforth betweenthe mirrors havingdistanceL andfocal lengthf, respectively.Defining

cosO=1—L12f, (3.7)

where0 is the rotation angleof the beamspot on the mirrors (seefig. 3.3), the coordinatesof the nth
spotare

x~= x0 cosnO + L (x0 + 2fx~)sin nO,

(3.8)

Yn=YocosnO+~4fL(y0+2fy~)sinn0,4f—L>0,

~ -

Fig. 3.2. The laserbeamenters theDL atposition (x,, y,) andangle(x~,y~),thenbounces2Ntimesandleavesthecavitythroughtheentrance
hole.
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• Spot on th. cbs. mirror

Q Spot on th. far mirror

y

2 N =6

Fig. 3.3. The beamenters the DL at positionn = 0, is reflectedfrom the far mirror at positionsn = 1,3,5 and from thecloseone at positions
n = 2,4. 2N0 can be largerthan2ir.

which can be put in the form

= A sin(nO+ a), y,, = B sin(nO+ /3), (3.9)

where

4f—L [x~+ Lx0(x~)+Lf(x~)]
2, tga = ~1 +2fx~Ix

0’ (3.10)

andsimilarly for B and/3. If A = B the spotslie on acircle; the beamreentranceconditionis fulfilled
when

2kO=2JIT, J,kintegers,J~k, (3.11)

k being the numberof spotson a single mirror.
The DL is a very flexible methodto copewith misalignmentsdue to mirror movements[Goorvitch

1975, Billing et al. 1979]. Fattaccioliet al. [1986]haveshown that the total optical phase shift is
independentof tilting (A&~)andtransversemutualmirror translations(Ax) up to secondorderin AxIR
and Ai~, respectively,R being the radiusof the spot circle on the mirrors, if the DL is perfectly
reentrantand aligned.

With the purposeof reducingthe light scatteringfrom the entrancehole in the mirrors closeto the
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beamsplitter [Schillingetal. 1981], the size of the input beamshouldbesufficiently reducedincreasing
the beamangularspreadAx~andAy~.The spotdiametersdue to this spread,

Ax~= \‘4f_ L 2f sinnO Ax~, 4y~= L 2f sin nO Ay~, (3.12)

do not increaseindefinitelywith Nbut vary cyclically with n; thisfocusingcharacteristicis very relevant
for avoiding beamsize divergencewhen N is large,anda careful evaluationof the beamentrance
parametersis neededto avoid geometricaloverlappingof the spots.Actuallytwo contiguousspotson a
mirror areassociatedwith differentdelays;if theydo overlapthelight diffused by the mirror coatingsis
sentin the wrong beam,causingnoise dueto the finite size of the laser line width.

The light phaseshift due to OW interactionin a DL without the constraint2QgNLIC4 1 hasbeen
calculatedby Vinet [1986]and Vinet et al. [1988].

Let usconsidera DL of lengthL in which the beamis reflected2N timesandwhich hasmirrorswith
amplitudereflectivity iR1 andiR2. By repeatedapplicationof the operatorD [seeeq. (2.29)] we obtain
the 2N reflection operator,

1 00

sin~N~ -N

~ ~ e Y 0 , (3.13)

sin77N e
1~ 0 ~N

wherethe signal is containedin the two matrix elementsM
12 andM13 putting

T~—2NL/C, (3.14)

we see that M12 andM13 are maximumwhen

‘r1N ~f1gTs=IT!
2, (3.15a)

while the signal is zero when

~Tsu1g= fliT (n=1,2,. . .). (3.15b)

Fromeqs. (2.27)and(3.7) it follows that the maximum phaseshift A4DL of the light wavedueto GW
interaction in two DLs (seefig. 3.1) is

L sin (1 (L/C)N
A4DL = 2hw c figL/C (3.16)

Typical DL schemesarethoseadoptedby Forward[1978]at Malibu with 2N = 4, MIT with 2N = 56
and Max-Planck-Institutin Munich with 2N~90.
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-I
~

r1 ~PZT

~—4~1BS “~?J

L~IPDJ~
Fig. 3.4. The optical layoutof theMalibu interferometer.ThebeamsplitterBS is mountedon thecentralmasswherethepiezoelectrictransducers
PZT,driven by the filtered differencesignal of thephotodetectorsPD1 andPD2, keeptheinterferometeroutput lockedto null. Theretroreflectors
Cl and C2 are mountedon the far masses,which are—2 m awayfrom BS. The detectoris lit by a 30—50mW HeNelaser.

In the Malibu interferometer,the world’s first working prototype,the opticalsystem(seefig. 3.4) is
composedof a beamsplitter and two retroreflectorsmountedon the far masses.The optical path is
—8 m and the strainsensitivity is h � 10_16Hz112for i’ ~ 2kHz.

The MIT interferometer,shown in fig. 3.5, is a systemwith 2N = 56 and a mirror separationof
1.46m. The masssupportingthe beamsplitter alsosupportstwo Pockelscells usedboth for keepingthe
interferometerlockedto a fringe andfor giving phasemodulationwith the purposeof reducingthelaser
amplitudenoise.Thenoisedueto the laserlateralbeamjitter is reducedby transportingthe laserlight
through an optical fiber. The mirror’s pendulum oscillations are dampedby meansof electrostatic
dampers[Linsay and Shoemaker1982]. The strain sensitivity obtained [Livas et al. 1986] is h
3 x iO’~Hz112.

In the Munich interferometer(seefig. 3.6) the mirror distancecan be adjustedbetween29 m and
32 m with the purposeof obtainingdifferentnumbersof beams.Lockingto a fringe is obtainedboth by
usingPockelscells insertedin the DL anda magnetandcoil [Billing et al. 1979]dampingsystemon the
mirrors; moredetailsaboutthe useof thesesystemswill be given in subsequentsections.Thelaseris a
5 W argonion laserstabilizedby meansof an externalreferencecavity andby the interferometeritself
usedas a referencecavity. Thelaserlight is fed to the interferometerby meansof an optical fiber. The
maximum sensitivity achieved[Shoemakeret al. 1987a] with 2N = 90 is h 8 X 1020 Hz”2.
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~,

EDI ED3

V

Fig. 3.5. The MIT interferometer:a DL systemwith 2N = 56 and 1.46m long arms. The optical phaseis locked by meansof Pockelscells PC
mountedon thebeamsplitter. An opticalfiber is usedto feedthe laser light andto reducethe laserlateralbeamjitter. Thependulummotionsof
themassesaredampedby meansof the electrostaticdampersED.

delay lines
(N~4shown)

Argon—ion laser .

Fig. 3.6. Layout of theMunich interferometer(from Shoemakeret al. ~1987a])showingthe laserstabilizationscheme.Thelaser is lockedboth to
thereferencecavity andtheinterferometeritself usedasa frequencyreference.Locking of the interferometerto afringe andphasemodulationare
performedby the Pockelscells P1 and P2. Magnetsandcoils are usedto damp thependulumoscillationsof themirrors.
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4. Fabry—Pérotinterferometers

Fabry—Pérot(FP) theory is largely describedin many books (see, for example,Born and Wolf
[1964],Hernandez[1986]);with referenceto fig. 4.1, M1 and M2 are two mirrors locatedat positionsx1
andx2, respectively(x2 — x1 = L); the amplitudereflectanceil?1, the transmittanceT1 andthe loss B, of
the mirrors satisfy the relation

T~+R~+B~=1,i=1,2. (4.1)

A light beamof frequencyv~= w0I2ir enteringthecavitywith amplitudeA0 is partially transmittedwith
amplitudeA~andpartially reflectedwith amplitudeAr.

If A2 andA3 arethe transmittedand reflectedamplitudesinside the cavity, then

A~= iR1A0+ T1A3, A2 = T1A0+ iR1A3, A3 = iR2DA2, (4.2)

whereD is definedin eq. (2.29). The solution is

A,. = i[R1 + (R~+ T~)R2D](1+ R1R2D)~AO= iFA0. (4.3)

An evaluationof F gives the relevantmatrix elements[Vinet 1986],

R1 + (R~+ T~)R2x

F11=l 1—R1R2x

F — ET~R2~sin(~)/~ e”~x 4 421 1—R1R2x 1—R1R2x57’ ( . )

F — sT~R2~sin(~)/qe~x
31 — 1 — R1R2x 1 — R1R2xy

wherex andy havebeendefinedin eq. (2.29).
From eqs. (2.27) and (4.4) it is possibleto evaluatethe maximum phaseshift AIFP for a cavity

configuration similar to the one shown in fig. 3.1 under the condition x= +1 (optical resonance
condition),

T~R2hwLIC 1
A~FP= 2 (1 R1R2)

2 ~i + F’ sin2fl
5LIc’ (4.5)

Ao R1,T1 R2y2A2

Ar< A3 At
Mi M2

Fig. 4.1. Schematicdiagram of the light field amplitudesinside a cavity, composedof themirrors M1 and M, having reflectivity iR, and iR, and
transmittanceT, and 1’,, respectively.The amplitudeA, is connectedto A2 throughtheoperatordefinedin eq. (2.29) containingtheeffectdue to
theGW interaction.
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where F’ = 4R1R21(1— R1R2)
2, T

2 4 T1 and the realistic condition (25LIC4 1 hasbeen assumed.In
analogyto eq. (3.8), defining the cavity storagetime

L\1~
1—R1R2 (4.6)

making the approximationR. 1 — ~(T~+ B~)andputting B 4 T1 we finally obtain

2T~ f~ i
A~FPI whr5 T~+ + fl~T~ (4.7)

The comparisonbetweenIA4DLI and IAt~Fplis shown in fig. 4.2; IA~~~Iis plottedfor T2 4 T1 this
experimentalconditionis particularlyusefulin interferometersusing light recyclingbecausevery little
power flows out of the far mirror.

Effects due to misalignmentof the FP cavity havebeenevaluatedby Fattaccioliet al. [1986].
Typical FP prototypeinterferometersarein Glasgowandat CALTECH. The Glasgowinterferome-

ter [Wardet al. 1987] (seefig. 4.3) is composedof two 10 m long cavities.The laseris frequencylocked
to oneof the cavities; this is achievedby adjustingthe laserfrequencyby meansof a piezoelectncally
drivenmirror andan intracavityPocketscell. The lengthof the secondcavity is thenadjustedby means
of forcesproducedby magnetsconnectedto the mirrors pushedby electrical coils, andmaintainedin
resonancewith the first one by means of a servo loop. The OW signal is obtained from the
electronicallyrecombinedarm beams.With 30 mW light power the strainsensitivity [Wardet al. 1987]
was 1.2 x 1019Hz”

2 for frequenciesgreater than 1500Hz.
The CALTECH interferometer[Spero 1986] has two 40m long cavities; oneof them is used to

frequencystabilize the laser by meansof an intracavity Pocketscell and the other cavity is kept in

1.0

2hW

0i~ (T2.~T1)

2hal~ç

0.5

0 ~ ~ 3sr 4c 535 635 135 635 QgT5

Fig. 4.2. Comparisonbetweenthephaseshift dueto theGW amplitudeh of a FP (T2 ~sT,) and aDL interferometerhavingthesamestoragetime
r,. When Il,i~i.’ 1 thephaseshifts arecomparable,as is shownby eqs. (4.7) and (3.16).
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AMPLIFIER
& FILTER TO WIRE CAVITY
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Fig. 4.3. TheGlasgowinterferometer(from Newtonetal. [1986]).Oneof thetwo 10 m FPcavitiesis usedfor stabilizingthelaser;theotheris, via a
feedbacksystem,kept in resonancewith the laser frequency.The GW signal is containedin thefeedbacksignal.

resonancewith the first oneby meansof forcesappliedto the mirrors. The strainsensitivitywith a light
powerof 2 mW was h ~5 x 10.19Hz~2[Spero1986].

Optical recombinationof the two beamshasbeenachievedin Orsay by Man et at. [1986]with a
phasesensitivity of 1.5x 108radHz~2.

5. The noise due to photon counting errors and recycling

In section3 we haveshownhowthe phasefluctuationsin the two interferometerarmsproducenoise;
in particularthe fluctuationsof the photodiodecurrents[seeeq. (3.5)] AISN havebeenconsideredas a
sourceof photoncounting errors.But also if AISN = 0 (~= 1) the interferometer’soutput currentstill
fluctuates.To explain this fact it was necessaryto makeanaccurateanalysisof the photonbeam—beam
splitter interaction.

Two approacheslead to the sameresult: in the first [Edelsteinet al. 1978] the beamsplitteris shown
to createtwo anticorrelatedphotonbeamshaving n

1 and n2 photonseach, in such a way that the
differenceof the photonnumberfluctuationsAn1 andAn2 in the two beamsdoesnot cancelevenwhen

= n2. In the secondapproach [Caves1980] the zero point vacuum fluctuations of the photon field
entering from the open beam splitter port (see fig. 5.1) produce anticorrelatedphoton number
fluctuationsin the interferometerarms.

The rms fluctuations An,~= ,z~produce both phasenoise Acb~c 1IVu~,wheren = n1 + n2, and a
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>~—/:~M~

FLUCTUATIONS

Fig. 5.1. Thelight field vacuumfluctuationsenteringtheunusedport of thebeamsplitter BS producetheanticorrelatedintensityfluctuationsin the
interferometerarms.

fluctuation in the differential radiation pressureon the interferometer’smirrors, which producesth
differential momentumAP = V~i(hi’~~Ic)2N.

The equivalentdisplacementnoiseproducingthephaseshift A4pc 15 Ax~~(Açbpc/2N)A/4iT; hence

in the measurementtime t the total displacement~%/Ax~~+ (AP t/2M)2 is minimumwhen

W= (4N2)~Mc2Iwt2. (5.1)

The existenceof this optimal laserpowerrelies on the fact that the photonnumberfluctuationsare
anticorrelatedin the two interferometerarms. The minimumdisplacementis

AxOL = \[h4~tIM, (5.2)

which is very close to the standardquantumlimit for the accuracywith which the displacementof a
massM can be measuredin a time t.

As wehaveseenin section3, in a multireflection interferometerthe h sensitivity,with respectto the
photon counting error, increaseswith the number of reflections, with the arm length and with the
effective detectedpower. Using eqs. (3.2) and (3.16) we see that the bestsensitivity in h for a DL
systemis obtainedwheh ; = ~ T

5,

~DL> 2PoTg ;TgR4N’ (5.3)

whereTg is the OW pulse length.
If the OW is periodicthe sensitivity increaseswith thesquareroot of the numberof cyclesobserved.

If~QgTs41,eq. (5.3) becomes

hDL>—~—~/
7~

4N. (5.4)

Analogouslyfor aFP system,from eqs. (3.2) and (4.7) we obtain
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h iT~+T~ [~Vi+Q~r~ /7~FP w 2T~ VR2 ‘I’qWt~

For T24 T1, (R1IR2)”
2~1, and(2~r,>l,eq. (5.5) becomes

1 I hi-’~

hFP> 2i’~jTg ‘hlWTg hDL. (5.6)

The differencebetweeneqs. (5.3) and (5.6) lies in the fact that for theFP case,unlike the DL case,the
maximum sensitivity is obtainedfor any r~> 1112g• If QgT5 <1, eq. (5.5) becomes

1 I/Is’hFp>~— WT2~~~ (5.7)

It hasalso beenshown [Edelsteinet al. 1978] that maximum sensitivity occurswhen the signal is
takenfrom one of the photodiodeswith the illuminating beambrought to extinction. The argument
runs as follows. Equation(3.4) gives the current

L = ~I~[1— cos(~
0 + s)]’ (5.8)

the currentAl~due to the signal being

Al~ ~l0(sin~0)~s~

The current fluctuationsarethe sum of the Poissonianbeamfluctuationsandthe statisticalfluctuations
due to the diodedetectioninefficiency 1 — ~ [seeeq. (3.5)], i.e.,

Al
2 = e[~I

0(1—cos4~0)/2t+(1 —~)l~(l—cos %)I2t]= e I~(1 cos ~ , (5.9)

where t is the measurement time. The measurabilityconditionfor q,~readsAl~� Al
2, hence

h> 2 4N (5.10)
4NITL ~cos (~ço

0)WRijt

which is minimumfor q~= 0 [seeeq. (3.6)], i.e. when the beamis extinguished.
From this condition, using eq. (3.4), putting ~ — ~2 = ~ 4 1 and with q~= (4NITIA)h(t)L4 1, it

follows that the two light beamshavethe intensities

W± ~R”W[1 ±(cos ~o — w~sin ~‘o)1, (5.11)

wherewe havechosenthe relativefixed phasein sucha way as to haveW~= R
4NWgoing toward the

laser.This light can be recycled[Drever1982] accordingto the schemeof fig. 5.2. In this arrangement
the beamW÷is recycledby meansof the mirrors BSRandMR. The positionof the latter, andhence
the phaseshift, is changedby the transducerPZT driven by the PD2 signal.



390 A. Giazotto,Interferometricdetectionof gravitational waves

PD1

‘\~.1’PD2 ~c[ ]
I: ~—1

10 MHZ

t~ 1

Fig. 5.2. The beamW_ canbebroughtto extinction by meansof thePockelscellsPC; thenW~is maximumandcanbe reusedwhenMR givesthe
right phaseshift. This is obtainedby displacingMR by meansof the piezoelectrictransducerPZT driven by thesignal of PD2.

To evaluate the power increase due to recycling in a DL, let us considerthat the typicalenergyloss
per cycle is

AW=(1—R4”)W. (5.12)

The maximum sensitivity in aDL systemoccursfor ; = 1/(2 v
5) andsince

R
4N~1 — 2(ITC/LQg)(1— R2)12, (5.13)

it follows that

WR= WLI2gIITC(1 — R2). (5.14)

Hence,from eq. (5.13) it follows that the overall powergain is afunction of andthe sensitivity in h

[seeeq. (5.3)] becomes

______ 1 f~iT(1R2)V
(hDL)R = \/ L(Ig hDL = 2 R4N7

1WL4iTTg~ (5.15)

Let usnow evaluatethe analogof eq. (5.14) in caseof aFP system.The schematicdiagram of fig.
5.3 showsthat in the FP recyclingschemethe recycling mirror MR is positioneddirectly in the laser
beam. The correctphase,obtainedby driving the PZTwith the signal of the photodiodePD2, gives a
minimumsignal in PD2. In analogywith the DL systemwe evaluatethe light powerlost in the mirror
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~PD I

BSR PZT

==
~D2

L I

Fig. 5.3. The powerrecyclingschemefor a FP interferometer.In analogy to theschemeof fig. 5.2 thesignal of the photodiodePD2 is usedto
displacethemirror MR in such a way as to haveminimum illumination of PD2.

collision; let ussupposethat T2 4 T1 in this casethe reflectedamplitudeis, at optical resonance,

Ar~ R1~R~+T1A0i. (5.16)

Using the equationR~+ T~+ B~= 1, it follows that

Ar = A0[1 — B~I(1— R1)]i. (5.17)

In a single mirror hit the powerloss is

AW~—W.2B~I(1— R1). (5.18)

Hence, if we attributethe whole loss to the nearmirror, the power enhancementdue to recycling
shouldbe

WR W(1 — R1)I2B~. (5.19)

Since the storagetime in the cavities should be comparableto the recycling time and becauseit is
convenientto haveIlgT5 = 1, it follows that

2L\I~ 1
SC1_R1R2Qg (5.20)
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Since, for the sakeof simplicity, we haveput R2 = 1, then

1 — R1~2LflgIC. (5.21)

This gives

WR= WLu1gICB~, (hFp)R hFP(B~C/L~Qg)”
2. (5.22)

Experimentalresultson powerrecyclinghavebeenobtainedby Rüdigeret at. [1987]usinga simple
0.3 m arm DL interferometerhaving 2N = 2. A recycling factorof up to 15 was obtainedwith a total
powerof 2W.

Similar resultswereobtainedin Orsay(Man etal. [1987]).It was shownthat therecyclingfactorwas
limited by the loss in the Pocketscells situatedin the arms of the interferometer.Betterresultswere
obtainedlater using the externalmodulation technique(seebelow).

It hasbeenpointedout [Ruggiero1979,Drever 1981] that it is possibleto increasethe signalphase
shift by allowing the photonsto go synchronouslywith aperiodicalOW from onecavity to the other,
whenthe cavitieshaver~= ir(2n + 1) 112g (n integer).This methodis calledsynchronousrecycling(SR).
The laserbeam(seefig. 5.4) is split by the mirror M

0 andthe light entersthe two DLs from M1 in M2

~D1

Fig. 5.4. Schemeof synchronousrecyclingfor a DL interferometer.ThelaserbeamentersthebeamsplitterM, andisswitched,synchronouslywith
the GW period, from one DL to the other. The photonscan increasethephaseshift due to the OW aceordingto the numberof switchings
dependingon the optical losses.
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the light is switchedfrom oneDL to the other;M2 is connectedto M1. The two beamsenteringtheDL
experienceopposite phaseshifts due to the OW; they thencomeout after having interfered on M0
(beamsA1 andA2) and are finally recombinedby M1 and observedby the photodiodePD1.

The reflectedamplitude is easilyevaluatedconsideringthe ensembleof the two cavitiesandof the
mirrors M0, M3 as a generalizedreflector [Vinet 1986, Vinet et at. 1988]. If the two cavities have
transfermatrices G and G’, then the equationsfor the reflectedamplitude,accordingto fig. 5.5, are

Ar = ir1A ~+ t1A2 , A1 = t1A0 + ir1A2 , A2 = iZr2GG’A 1 (5.23)

whereZ = exp(iw0 E~l~Ic),G, G’ are the DL matricesof eq. (3.13) andiR1 and t1 (i = 1, 2) arethe
reflectivity andtransmittanceof mirrors M1 and M2.

From eq. (5.23) we can obtain the generalizedreflectance,

S = (r1 + u1r2GG’Z)(l + r1r2GG’Z)~, a~,= r~+ t~. (5.24)

The relevantmatrix elementsare S11,~21, S31, but to evaluatethe effect of the resonancewe can
consider~2l,

S21 = —2t~r2Z~sin
2(N71) yNb2(1 — r

1r2Zb
2)~(1— r

1r2Zb
2y~)~, (5.25)

whereb = ~ y = exp(ifl
5LIc), r andp arethe reflectivitiesof the nearandfar DL mirrors,

respectively.
Making Z = +1 andx’s’ = 1 we meetthe resonantconditionfor the ring cavity; from eq. (5.25) it is

evident thatdue to the synchronousrecycling, the amplitudegoesto zerowhen (1~—*0. A resonance
occurswhen~2N = 1, i.e., Vg = i;g = cILN. Putting

ttg = + APg, eq. (5.25) becomes

2 *

n—i t
1oYr 1 1

~21~ —1 1—r1r2b
2 irr

1 (1+iApgr*2ir)

M1

r1 t1

Ar

Fig. 5.5. The synchronousrecyclingschemeconsideredasageneralizedreflector.A,, andA, arethe incidentand thereflectedfields,respectively.
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wherer” = ;r1r2b
2/(1 — r

1r2b
2) is the recycling storagetime. Sincethe resonanceconditionis satisfied

for = cI4LN = A i~, whereAv
0 is the cavity free spectralrange,~31 is at resonancetoo.

As an examplewe mayevaluatethe differencebetweena normalDL andaSRDL, both fulfilling
the condition Pg = 1 / (2;) as a function of APgI Pg~Fromeq. (3.7) the matrix elementD21 in the limit
L

1gLIC 4 1 becomes

1D
211 wIlig. (5.27)

Similarly we obtainfor ~21

t~B F /Ai’ 2iTB~
21~’2

= ~0g -lTr
1(1 — B)

2 L1 + ~\l/g 1 — B) ] B = r
1r2b

2. (5.28)

Equation(5.28) is valid under the condition IA1/gi < l/(4irr,,) or Avg/vgI <lI(2IT).
In fig. 5.6 ID

2i~QgIw and S21111g1W areplotted asfunctionsof Avg/Pg for t~= 10_2 andB = 0.99. The
maximumof I52ik~1gh0,havingthe valuet~B/[ITr1(1 — B)

2] = 30, hasto becomparedwith lD
2iIQgIO) =

1; at this gain increaseone hasthe reducedbandwidth (HWHM)

Av 2vV~ ~±5X10
3p

g g 2ITB g

The SR for the FP casecan be evaluatedfrom eq. (5.23) and eq. (4.3) by putting G = F, r
1 = r2,

t1 = 12, 11 = 12 and 13 = 14. The layout, shownin fig. 5.7, correspondsto a systemof threecoupledFP
cavities. If the gravitationalfrequencyis equalto the differenceof the symmetric, ‘-~ andantisymmet-
ric, ~A’ modefrequencies,whenthe middle cavity is antiresonant(Z = —1), thenthe OW will be able

2 B35r1(1-B)
2

Is
2i~~~g t12=1c~

2
20 B = .99

it

____ I

I’

Y~a-B) 211~iB~ A.!i
B B Vg

Fig. 5.6. Comparisonof thesidebandamplitudeD
2, of a normalDL interferometerto that of a synchronousrecyclingDL interferometer,S21. If

the intensitytransmittancet~= 102andtheoverallreflectanceB= 0.99, thenat resonancethesensitivitygainwith respectto a normalDL is “’30.
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R2’

l.tl

/
Fig. 5.7. The synchronousrecycling schemefor a FP interferometer.If the OW frequencyv, is equal to the differenceof the symmetric and
antisymmetricmodefrequencieswhen the middle cavity is antiresonant,then the OW may transferenergyfrom one mode to the other if
Pg = l/(~Tr,).

to transferenergyfrom one modeto the otherif = 1/(ir;), i.e.,

PA~Ps=Pg=1/(1TTs),

where r,, is definedin eq. (4.6).
The matrix element~31 [seeeqs. (5.24), (4.4) and (2.29)] is

sin
2(fl Lic) x2 z

~31 = —2t~r
1T~R~I1gL1C P(w)P(w + fig) (5.29)

P(w) = (1 + R1R2e
2~’~)2+ r~Z[R

1+ (R~+ T~)R2e
2twI~’C]2. (5.30)

Let usassumean antiresonant(Z = —1) middle cavity; if T~4 R~a maximumof S
311 is obtainedwhen

C 11 c1R1R2 2

wL(
2n+l)~~-_- ninteger, 11g=~ ‘I/R

1R2 ~ (5.31)

Due to eq. (5.29)only oneof the two sidebandsS3~and~21 can bemadeto resonate[S21 would require
w = (2n+ 1)~irc/L+ flg/2] andthis gives a S/N ratio \/~worsethanin the SRfor the DL case.In an
analogousway to eq. (5.26) we obtain

2—
t1wr 1 1

~31 1+r~a02T1 1+2i1T(AVg)~’ (5.32)
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where

AVg = Pg — lI(irr,,) , a~= [R1— (R~+ T~)R2]/(1— R1R2)— —1

r=2r~Ia0~r,,I(1+ r1r2a0)

is the recyclingtime. A comparisonof 53j[IgIw and F3jQg1W [seeeq. (4.4)] as a function of AVg/Pg
underthe conditions T1 ~‘ T2 and

11g = 2/; assumingt~= 10~andr~a
0= —0.99, is shown in fig. 5.8.

Non-resonantrecyclingcan be alsoperformedwith a detunedFP cavity [Vinet et at. 1988] with the
purposeof increasingthe cavity reflectivity. If an FP cavity is pumpedwith the laserfrequencyequalto
the tunedoptical frequencyplus Vg~ the S/N is slightly worsethanin the tunedcasebut the reflected
intensityis closerto theincidentone.This allows alargerpowerrecyclingrateanda S/N ratio closerto
the SR case.

Finally in the dual recycling scheme [Meers1988] (see fig. 5.9), a simple interferometercomposedof
a beamsplitterBS andfar mirrors M1, M2 is broughtto bothsignal andintensityresonanceby meansof
the mirrors M3 andM0, respectively.The sensitivity gainis similar to that of SRbut the advantageis
that,unlike SR, the interferometerarmsdo not needto be in resonancewith the OW beforerecycling.
The tuningof the sidebandto the OW frequencyis doneby moving the mirror M3 this operationdoes
not changethe powerstoredbecausethe beamon M3 is atthe extinction point but allows thesideband
amplitudeto build up.

101
8
6

4

2

F L..Q.L..
1 FP 3~ w

vg

I I I

~ (1r1
2a

0) ~fCI+r12ao)

Fig. 5.8. Comparisonof a normalFPand aFPwith synchronousrecycling. The amplitude Fii~Qg/wrefersto theformer while IS3sII~gIwreferstC

the latter. In both casesr, = 1I(irv,,). The bandwidth (HWHM) is ~v,,= ±lV~(1+ r~a,,)v,.
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M3
L J

SIDEBANDS

CARRIER~II~

I -~

M1

Fig. 5.9. In thedualrecyclingschemebothcarrierandsidebandarebroughtto resonanceby moving themirrors M0 andM,, respectively.The S/N

ratio is similar to thatobtainedwith synchronousrecyclingwith theadvantagethat theinterferometerstoragetimebeforerecyclingdoesnotneedto
be comparablewith the OW period.

6. Laser intensity noise

The laserpowercan be representedas

W(t) = W0 + ~W(t), (6.1)

whereW0 is the meanpower and ~W(t) is the instantaneouspowerfluctuation. The currentL of eq.
(5.8) refers to an ideal casewherethe opticalelementshaveno losses;in a realistic casewe have

= e W(t) [A — B cos(~’0+ ~j, i., = e W(t) [C + D cos(~’0+ ~,,)], (6.2)

where A � B � 0 and C� D � 0 are coefficients close to the detectionefficiency ~ and in general
unequal,q~= 4NirhL/A and p~is a given phase.

It is then evident that, sinceA ~ B, then l_ ~ 0 whenç~= 0 and this producesthe noise

AL =~W(t)(A—B)e/hv.

Thepowerspectralnoise~W(w)/W0typically reachesthe shot noiselimit \/hvIW for frequencieslarger
than—i0~and —10~Hz for Ar [Winkler 1977, Rüdigeret al. 1981a,b] and Nd:YAG lasers,respec-
tively.

Hence it is possibleto modulateat high frequencythe relative phaseof the interferometerarms
[Weiss1972] by meansof Pockelscells,as shownin figs. 3.5 and3.6, andthensynchronouslydetect the
signal. This phasecan be representedas

~PM=

8M sin WMt + ~~(t), (6.3)
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where EM and WM are the amplitudeand frequencyof the modulation and ~ (t) is a slowly varying
phase,with respectto WM, determinedby the feedback(FB) loop in such a way as to minimize L.
Introducing eq. (6.3) in eq. (6.2) and retainingterms up to sin(wMt) we obtain

eW(t) [A — Bcos(~+ + ~) J0(~)— 2Bsin(~+ ~ + ~) J1~)sin(wMt)], (6.4)

whereJ0 andJ1 areBesselfunctions.The synchronousdetectiongives

t+ T

U= ~ J L(t)sin(wMt)dt

= ~ — B cos(q~,,+ + ~) J~(e~)]~W(wM) — B sin(~+ + ~) Ji(e~)}, (6.5)

where ~W(wM)is the spectraldensityof the laserpowernoiseevaluatedat the frequencywM/2ir and
the integrationtime satisfiesthe inequality 21T/wM 4 T4 1 /v~.

It is possibleto drive thePockelscellswith the low passfiltered signal U with the purposeof keeping

~LI

Fig. 6.1. The externalmodulationscheme:asmall fractionof the incidentpoweris sentthroughthePockelscell PCto interferewith theoutgoing
amplitudeA containingtheOW signal. The PCis modulatedat a frequencywherethe laseramplitudenoisereachestheshot noise.Synchronous
detectiongivesthesignal S.
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I_ closeto extinction,henceminimizing the photoncountingnoise; in the limit of very largeloop gain
this gives~ = — ~0. Fromthisconditionandfrom eqs. (6.4) and(6.5) it follows that the currentsdueto
the signal (Us) and to the noise (UN) are

eW
U~ — -~--~ Bip~J1(e~),

(6.6)
[feW0 ~W(wM)\

2 e2W
0 11/2UN = ~~—~-— [A — BJO(EM)] TU ) + —~--— [A — BJo(EM)]j

V oP

The last term on the r.h.s.of UN is due to ‘the photoncountingnoise.The bestvalueof EM maximizes
the S/N ratio, or equivalentlythe quantity Jl(SM)/ UN [Shoemakeret at. 1987a].

It shouldbe emphasizedthat in FP interferometerslaserfrequencyfluctuationswith respectto the
cavity resonancefrequencyinduceintensityfluctuationsdueto the narrowresonancewidth, andhence
low frequencynoisein the mirrors. To overcomethis effect a preciselocking of the interferometerto
the laserfrequencyis needed.

In a largekilometric interferometerthebeamsize will be of the orderof 10_i m with the purposeof
minimizing the size on the far mirror; this implies the useof Pockels cells having large aperture,
impractical for being carried by the test masses.This requirementcan be circumventedusing an
externalmodulationscheme,shown in fig. 6.1, in which a small fraction of the incident light is sent
through a Pockelscell to interfere with the beamcontaining the OW signal. The Pockelscell is
modulated at a frequency where the laser amplitude noise has reached the shot noise; the signal is
obtained by making synchronousdetectionwith the modulationsignal. In this schemethe noiseis ~“V’~
times higher [Man 1988, Paris, Orsay, Pisa, Napoli, Frascati Collab. 1988] than in the internal
modulationone, but the externalmodulationhasthe advantageof bringing a net sensitivity improve-
ment becauseit enhancesthe recycling factor.

7. The noisedue to the laser linewidth

Laser frequencyfluctuationsproducephasenoise in an interferometerwith arms having unequal
length. If i.’0 and Av are the lasermean frequencyand the r.m.s. frequencyfluctuation, respectively,
thenthe r.m.s. phasefluctuation due to the differencein arm length AL is

A~~2irAvAL/c. (7.1)

It is thenvery importantto avoid that rays having largeAL interfere.
In a multipassDL interferometerthe light hitting the mirrors is scatteredby the reflecting coating

and entersthe optical path of one of the other DL beams.This phenomenon,evenif the scattered
beamintensity is of the order of e i0~—i0~of the incident one, may createa large background
becausetheinterferenceof thescatteredbeamwith themain onehasan amplitudeproportionalto V~.

Different methodshavebeenadoptedto get rid of this phenomenon[Schillinget al. 1981,Schnupp
et al. 1985]; one method[Rudigeret al. 1981a,b] consistsin “whitening” the laser light spectrumin
such a way that rayshavinga differentpathlength createa phaseshift having anr.m.s.valueequalto
zero.
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A morepreciseevaluationof this noisecan be madesupposingthat thelaserfrequencyfluctuations
can be taken into account by means of a random phase ~R (t) introduced into the wave function
representing a monochromatic wave, i.e.,

= A~exp[iwt + 14R(t)], (7.2)

where ~R satisfiesthe correlationrelation

~R(t)4~R(t) = (2ir)2 Av2 g(t — t’), (7.3)

and g(0) = 1.
If the wave ~‘ is split by thebeamsplitterandthenbroughtto interferenceafter reflectionon the far

mirrors (at a distance L and L + AL, respectively),the intensity of the interferencewill be

L sin 11 (LIc)N
I sin2[4~(t — Lic) — cbR(t— (L + AL) /c) + 24g(t)], cbg(t) = hw c ~~gLk e”~s~, (7.4)

where~ [seeeq. (3.10)] is the phase shift produced in the DL interferometerby the OW assumedto
be periodical. Since AL/c41 lAy it follows that we can expand4~Rin a Taylor series,obtaining

5ffl2[4)R(t)~ft+2(t)g(t)1. (7.5)

Wecan now evaluate the noise Fourier spectrum,

= J ~(t) e’~ dt~, (7.6)

and compareit with the signal,

= ~g(t)eiflt dt~, (7.7)

where T is the measurement time. From eqs. (7.3) and (7.6) it follows that

I~N(~)I= (ALIc)2(2~)2Av2 [ g(t — t’) ~ dt dt’, (7.8)

where the measurement time T ~‘ 1/fl. Puttingg(z) = J1. Q(w)e”~ dw, eq. (7.8) becomes

I~N(~)I= (AL/c)2(2~)2Av2 J Q(w) ~ sin2(fl —w)T/2 dw. (7.9)

-= (ul—w)

Since the function sin2(xTl2)x2can be approximatedwith ~Tir6(x), we obtain
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(AL/c)2(21T)2 At’2 ~.iTTQ(fl). (7.10)

The quantity S = 2ir\[~ Av ~ 1/2 is measuredin Hz/V’TI~andgives the linear spectraldensityof the
laser frequency fluctuations.

Comparing eq. (7.10) with eq. (7.7) we obtain the measurability condition for h when the DL
storagetime is optimal [seeeq. (3.9)],

h(flg)> AL~PQgV~T~Q(ulg)lT. (7.11)

Equation (7.10) shows that S(fl) can be measured by means of an imbalance of the arm length, AL.
The line width can be reducedby meansof active systems;one methodconsistsin operatinga

referenceFP cavity [Drever et al. 1983, Hough et al. 1987,Shoemakeret al. 1987a] fed with a small
fraction of the laserlight phasemodulatedat the frequency~M by meansof a Pockelscell (seefig. 3.6).
If the laserfrequencyis tunedto one of the FP resonancesthe reflectedlight hasthe two sidebandsat
frequency±~M having amplitudesof opposite sign, giving zero output in a photodiode.If the laser
frequencyfluctuatesthe two sidebandamplitudeswill not cancel anymoreand give a signal in the
photodiode,which can be detectedsynchronously.The signal is proportional to the laser frequency
displacement v with respect to the FP resonance frequency. It can be fed to a laserintracavity Pockets
cell (for high-frequency FB) and to a PZT (for low-frequency FB), which movesone of the laser
mirrors for stabilizing the frequency.The limiting noise is the shotnoise; taking it into account for a
cavity having no losses, the line width becomes

Av�—1--— \/~ (7.12)
2irr,, w~t

where; is the referencecavity storagetime, w,, is thepowerusedin thestabilizationcircuit andt is the
observationtime.

With the purposeof further reducingthe laser linewidth, the Munich group [Billing et al. 1983,
Shoemakeret al. 1985] let the beamW. interfere (seefig. 3.7) with a small fraction of thelaserbeam,
obtainingan output from the photodiodePD2 proportionalto At’ L, whereL is the total optical path
length in theDL. This signal andthat from the referenceFP wereaddedfor improvingthestabilization;
in fig. 7.1 [Shoemakeret at. 1985] theuppercurverepresentsthe unstabilizedlaserline spectraldensity,
the middle curve the line spectral density reduced by means of the reference FP cavity while the lower
curve is the line spectraldensitywhenboth referencecavity andthe whole interferometerareused.The
final integratedline width was ~3 Hz, a reductionof ~106with respectto the unstabilizedone.

A frequency noise level of 12.5 mHz/V’TI~ was obtained with a diode pumped Nd:YAO laser,
actively frequency stabilized with respect to a reference FP cavity [Shoemakeret al. 1989].

The effectsdueto the laserlinewidthin FP interferometersinvolve a morecomplexmechanismthan
in a DL interferometer;from eqs. (7.2) and (4.2) we can evaluatethe reflectedamplitude,

Ar(t) = iR
1~(t)+ iR1T~~ (—R1R2)~çb(t— 2(n + 1)Llc); (7.13)

putting
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Fig. 7.1. The laserspectralline density before stabilization (from Shoemakeret al. [19851)is shown in the uppercurve; in the middle onethe
spectralline densityafterstabilizationwith a referenceFPcavity is shownwhile in the lower one thespectralline densityis shownaftercombined
stabilization with thereferenceF? cavity andthe total DL opticalpath.

~(t) = J ~(w) ~ dw

we obtain

= iw(t—2L/c)

Ar(t) = if dw ~(w)(Ri e~
t+ R

2T~1+~1R2e2jc)~ (7.14)

In an analogousway to eq. (7.4), combining the Ar from the two arms onto the beamsplitter, the
intensityon the photodiodeis

= iw(t—2L/c)

i~~J[(p1 e~wZ+ R2T~1 + ~1R2e21~k)armi

iw(t—2L/c) 2

+ e~(Ri e~w
t+ R

2T~1 + ~1R2e2j ~)2]~(~) dw~, (7.15)

where ~ is a given phaseshift. It is evident from eq. (7.15) that unlike in the DL case,evenwhen
(L )arm 1 = (L )arm 2’ there is incompletecancelationof the laser line width noise unlessthe mirror
transmittanceand lossesin the two arms are equal.

In the Olasgow[Newtonetal. 1986] andthe Caltech[Spero1986] FP interferometersthe laserline
width is stabilized by usingthe cavity of oneof the interferometerarmsas a reference(seefig. 4.3). In
this case,since the stabilizing cavity is very long, the sensitivity to laser frequencychangesis much
higher than that of a shorterreferencecavity having the samefinesse.

The presence of the laser intracavity Pockels cell gives non-negligible power losses;stabilization
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usingextracavityphaseacousto-opticmodulatorshasbeenperformedby Hall et al. [1977]andCamy et
al. [1982].In an experiment[Kerr et at. 1985]the useof an extracavityelectro-opticmodulatoryielded
a typical laser frequency fluctuation of =0.01Hz/Vii~at 1 kHz.

8. The noiseproducedby the lateral beamjitter

If the beamsplitteris not symmetricalbetweenthetwo interferometerarms,but deviatesby an angle
6a, then a lateral beamjitter ~x will produce the phase shift~ [Billing et al. 1979]

Açb~2~a&r4irlA. (8.1)

Two methodshave beenadoptedfor reducing this type of noise: the first usesa modecleaner
[Rudigeret al. 1981a,b, Meers 1983], while the second,a simpler oneeventhough30—50%of the laser
poweris lost, is the use of a monomodeoptical fiber coupleras suggestedby R. Weiss of MIT. The
experimental set up, shown in fig. 8.1, consists of a monomode fiber lit by a microscope objective; a )t12
plate placed before the fiber and a linear polarizerplacedbehindit keep the right polarization. In fig.
8.2 [Shoemakeret al. 1985] the residuallateralbeamjitter is shownasmeasuredby a positionsensitive
diode: the top curve representsthe laserbeamjitter, the middle one the beamjitter after a mode

LASER X~2 MM

Fig. 8.1.The laserbeamjitter is strongly reducedby injecting thebeamin themonomodeoptical fiber OF. The injectionis performedby meansof
the microscopeobjective M; the A/2 plate and thepolarizer P restorethe planepolarization.

:: _____________ ____
0 200 400 600 800 1000

Frequency (Hz)

Fig. 8.2. Thelateralbeamjitter (from Shoemakeret al. [1985])asmeasuredwith aposition sensitivediode; theuppercurveis theunfiltered laser
beam,the middle one representsthe beamjitter aftera mode cleanerand the lower representsthe jitter aftera monomodeoptical fiber.



404 A. Giazotto,Interferometricdetectionof gravitational waves

cleaner and the lower one the beam after the monomode fiber; a displacement of ,=10h1 m/\/ii~for
v > 100Hz wasobtained.

A recyclingcavitywould filter out the fastlaserfrequencyandamplitudefluctuations,as well asmost
of the beamgeometryjitter.

9. The noise due to the gas pressure fluctuations

This type of phase noise originates from the fluctuations of the refractiveindex in the interferome-
ter’s vacuumpipes. The laser light bounces between the mirrors of either the FP or the DL system; the
numberof gas moleculescontainedin the light pipe thenfluctuatesalmostin aPoissonianway (there
maybe convectivemotion also), hencevarying the refractionindex [Brillet 1984, 1985, Houghet al.
1986].

This can be shown as follows: if V is the averagelight pipevolume (not the vacuumpipediameter),
the total number of gas atoms in this volume is

(9.1)

wherep, and m, are the densityand the mass of the ith gas componentand n,(t) the instantaneous
number of molecules of the ith gas component.The numberfluctuations~n~(t)of the ith component
satisfy the correlationrelation

~n1(t)~n~(t’)= ~ig~(t— t’) , (9.2)

where ñ~and g1 are the averagenumber and the correlation function of the ith gas component,
respectively, with the condition g.(0) = 1.

The function g, is a complexfunctionof the light beamgeometry;let us for the sakeof simplicity,
approximatethe light pipevolume by a cylinder havinglengthL and diameter D. Underthiscondition
the correlationtime is DIV,, whereV~is the speedof themoleculesof the ith gascomponent.Thelight
phaseshift due to the gas refractionindex e1 is (we areconsideringa DL)

~G(t) = ~ [e~(t)-1]. (9.3)

The phase fluctuation ~ is

~G(t) = ~ ~n~t) (~-1). (9.4)

In fi space,using eq. (9.2), the noiseis

T T

= (4iTNL )2 ~ j (e, —1)
2g,(t— t’) dt dt’, (9.5)

whereT is the measurementtime.
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Assumingthe simplecorrelationfunction g(t — t’) = 1 — O(~t— t’~— Dlv,), ~ — 1 = a~P,lP0,,whereP,
and P0, are the pipe and atmosphericpartial pressure,respectively,~i = P,~ITD

2LIKT (T is the
temperature),eq. (9.5) becomes

I~G(~DL= (4ITNL)2 ~ 2sin(flDlV~) T(a~P~lP
0~)

22NP~irD2L~ (9.6)

The h measurabilitycondition for a DL interferometeris [seeeq. (7.6)]

- F sinulD/V.fa.\2 KTP~]1/2 NLI1

hDL(Q)>[16~ 11 ‘~~-~)NITD2L] csinflNL/c~ (9.7)

For aFP interferometerworking at optical resonancewe obtainthe following result [for the‘definitions

see eqs. (4.2) and (4.5)]:

~o(f1)IFP= ~ [V~ T~R
2w(L/c)(~— 1)]2 T sin(flD/V,) (1— l~1R2)~1+ F’ sin

2flL/c (9.8)

Comparingeq. (9.8) with the Fourier transform[seeeq. (7.7)]of eq. (4.5) we obtainthe measurability
condition

hFP~(~2 (~i1)2 sin(fIDIVi))v2 (9.9)

1 1323 (liii, I I
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Fig. 9.1.The limits on thespectralstrainamplitudefor aF? interferometerhavingarmlength L = 3km, asgivenby thepipevacuumfluctuationsin
thefrequencyinterval0< v< iO~Hz andfor threepressures,a, p = I0’’ mbar,b, p = io~mbar,c,p = ~ mbar.The dottedlines arefor N

2 and
thesolid lines are for H2.
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hFp is largerthanhDL because the light pipevolume in the FPcaseis 2N timessmallerthanthat of the
DL.

In fig. 9.1, hFp is plotted as a function of the pressurefor H2 and N2 in the frequencyinterval
0< v<lO

3Hz.
A calculation taking into account a better approximationof the correlation function has been

performedby Rüdiger[1988].

10. Thermalnoise

The mass of the mirror is driven by the stochasticforces producedby thermal noise; we are
consideringhereboth the forcesactingon the mirror suspensionsandthoseproducingan excitationof
the mirror normal modes.

For the formercase,if r is the mirror suspensionrelaxationtime, the r.m.s.stochasticspectralforce
is [Uhlenbeckand Ornstein1930]

- /2K~JM N
(10.1)

whereM is the mirror mass,T the temperatureandK the Boltzmannconstant.Thethermalstochastic

force f(t) satisfiesthe correlationrelation

f(t)f(t’) = F25(t — t’) . (10.2)

The mirror displacementx(fl) in 11 space is evaluated using eqs. (2.17) and (10.2); in analogy with eq.
(7.7) we obtain

2~ 2KT 1
= T Mr (fl2 — w~)2+ [121r2, (10.3)

where T is the measurementtime and i.’.

1, = w~I2rrthe pendulum frequency.The pendulum ther-
mal noisegives the following limit on the measurabilityof h:

_\/~~! (10.4)

wherethe sum is over the mirrors.
With the purposeof evaluatingthe thermalnoise producedby the mirror normal modeswe can

approximatethe mirror by many harmonicoscillatorseachhavingfrequencyt’~, relaxationtime ; and
equivalent mass M,. In the proximity of the ith frequencythedisplacementin 11 space is sufficiently well
described by eq. (10.3) replacing w~with w, = 2rn’~.Since weconsiderthe frequencyregion v~4 t’ 4 v,

we can approximateeq. (10.3) in the following way:

T ~ -~-~ , (10.5)M,r, w.
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______________ lOOmm _____________

Fig. 10.1. A possibleschemeof a 350kg quartzmirror to be usedin a 3km FPinterferometerfor OW detection.A distortion<A /8 is expectedto

be given by the 80mmthick quartzwindow. The lowest-frequencymode (bell mode) at 1900Hz it is not expectedto give longitudinalmirror
oscillations.The first longitudinalmode is at 2500Hz.

with w, r~= Q,. The h measurabilitycondition is

>~J\/2KT~M~~’ (10.6)

wherethe sum is over the mirrors and over the longitudinalmodes.
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Fig. 10.2. The spectralstrain amplitude sensitivity due to the mirror (seefig. 10.1) thermal noise in the frequencyrange 10<v< iO~Hz for
interferometerarm length L = 3 km. Curvea representsthe contributionfrom the mirror pendulummotion with M = 300kg and Q = 106, while
curve b representsthecontribution to the thermalnoisedue to the mirror longitudinalnormal modes.In b only thecontribution from thefirst
normalmode at 2500Hz, havingassumedan oscillator equivalentmass of M

1 = 150kg and Q1 = io~,is takeninto account.
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AssumingQ, to be invariant undera scaletransformationchangingthe mirror dimensions,it follows
that eq. (10.6) is invariant too. This is not true anymorefor eq. (10.4),which showsthat anincreasein
the mass M reduces the thermal noise. At low frequency it thenseemsconvenient to usemirrors
weighing several 100kg if possible.

The schemeof a possible 350kg quartzmirror to be used in the 3 km FP interferometerof the
VIROO project [Pisa,Napoli, Frascati, Orsay, Paris Coltab. 1987,Paris,Orsay, Pisa,Napoli, Frascati
Collab. 1988] is shownin fig. 10.1; the quartz window is expected to give <A18 error to thewave front.
The lowest frequencymode at =1990Hz (bell mode), due to the cylinder hole, does not give a
longitudinal oscillationto the mirror; the first longitudinal modeis at 2500Hz.

The valuesof h given for this kind of mirror consideringthat four mirrors will be mountedin the
interferometerand assumingQ = ~r = 106 in eq. (10.5), Q1 = 10~in eq. (10.7), L = 3 km and
T= 300 K, are shown in fig. 10.2 in the frequency interval 10< v < i0

4 Hz.

11. Seismicnoise

Seismicnoise is the dominantsourceof displacementof the mirror suspensionpoints. The r.m.s.
spectraldisplacementcan be sufficiently well approximatedby the formula

XT = alp2m/VTi~, (11.1)

wherea i0~at a depthof —40~m up to a 10-6 at the Earth’ssurfacein a relativelyquiet place.
Extensivemeasurementsof theEarth’sstrainspectrumfrom 108to 102Hz usingalaserinterferometer
havebeenperformedby Bergerand Levine [1974].

Experimentalevidenceof this typeof noise [seeeq. (2.13)] is clearlyshown in fig. 11.1 [Shoemaker
et al. 1985]; from thesedata the value a i0~can be inferred. Active systemshave beenused to
reduceseismic noise both in the vertical [Falter and Rinker 1979, Saulson1984a,b] and horizontal
directions[Robertsonet al. 1982,Giazottoetal. 1986a,b]. Three-dimensionalpneumaticactive systems
havebeendevelopedby Lorenzini [1972].

1012 III IL.~IIII

10~8
100 101 102 10~

Frequency (Hz)

Fig. 11.1. Displacementnoiseof theMunich[Shoemakeret al.1985] DL interferometer.Assumingthemirror to besuspendedby a1 m longwire, it
follows that the suspensionpoint is approximatelyshakenby a spectralseismicnoisedisplacementtsx 107/v2m/VTi~.



A. Giazotto, Interferometricdetectionof gravitationalwaves 409

The basic ideaconsistsin usingan accelerometerto sensethe displacementof the suspendedmass,
thenusingthe accelerometersignal to createa force on the massin sucha way that the signal becomes
null. In the experimentof Fallerand Rinker,asensormeasuredthe elongationAy of a vertical spring
with respectto a fixed referencepointYo. This signal was fed to a transducerdisplacingthe suspension
point y1 by an amounty0 + a Ay, wherea is the amplification. This gives the springmotion equation

2y0w0(1— a) /

y = ~11.2
—11 + iQlr + w~(1— a)

wherev~= w0/27T is the open loopresonancefrequency.Fromeq. (11.2) it follows thatthe equivalent
spring length increasesby the factor 1/(1 — a); about 1 km was obtained.

In Saulson’sexperimentthe accelerationof the endpoint of a horizontalbeamwasmeasuredin the
vertical direction by means of an accelerometer; the amplified signal was fed to a force transducer
acting on the beamendpoint. In the limit of ideal accelerometerthe effectof this loop was to increase
the beammass;the openloop 4.5 Hz resonancefrequencywas reduced,whenthe loop wasclosed,to
4x 10

2Hz.
The layout of the horizontaldirection isolationexperimentof Robertsonet al. is shownin fig. 11.2.

The relativedisplacementof the testmasswith respectto the suspensionpoint was measuredby means
of condensersconnectedto a referencearm correcting for the effects due to the ground rotations.
Neglecting the ground rotations the equation of motion for the test mass in the horizontal x direction is

x + lIr + (g/l)x = x
0gll, (11.3)

Piezoelectric transducers
(shear modeI
/\

/\ I

__________ Ui i~Ar~i

Support Support 85mm

7 ,,,, ~....... Reference arm pe~~ /~~7

Fig. 11.2. The layout of an active horizontaldirectionseismicisolation experiment(from Robertsonet al. [1982]).The relativedisplacementof the
test masswith respectto thesuspensionpoint wasmeasuredby meansof acapacitivetransducerandfed backto a PZT actingon thependulum
suspensionpoint. A referencearm correctedfor theeffectsdueto groundrotations.With this experimentan amplificationA = 60 wasobtainedand
the pendulumlength was increasedup to ‘~5m.
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wherer is therelaxationtime,x the masscoordinate,x~is the horizontaldisplacementof the pendulum
attachmentpoint, g is the accelerationof gravity and 1 the pendulumlength.

Since the capacitorc sensesx — x~,the PZT transducerdisplacementis

xS(a+f3Sdt)(xxS)+XT, (11.4)

whereXT is the horizontalgroundseismicnoise[seeeq. (11.1)] andthe integralcreates“cool” damping
[Forward1978].

Fromeqs. (11.3) and (11.4) it follows that

~= (~ )/[-~+ifl(! +~ - (~- ¶) ~]. (11.5)

Fromeq. (11.5) it follows that the effect of ain theFB is to makethependulumvirtual lengthequalto
1(1 + a) and that of f3 is to introducea new dampingwith relaxationtime (1 + a)//3. With a 0.47kg
mass and 1= 85 mm, a = 60 on a band width of 30 Hz was obtained.

In the experimentof Giazottoet al., shown in fig. 11.3, in which a large mass(100 kg) andan
interferometricsensorwere used, a 1 mpendulum was brought to a virtual length of 1600 mat 10 Hz by

Si ~2

PZT1 Ml

RA/fl

N.. Er1-’~
A H. BS~~J~

APF

Fig. 11.3. Schematicdiagramof the interferometricpendulumfor seismicnoisereduction(from Giazottoet al. [1986b]).The relativedisplacement
of the100 kg test masswith respectto thesuspensionpointwasmeasuredinterferometrically.The 1 m pendulumwasbroughtto a lengthof 1600m.
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meansof an analogphasefollower [CampaniCt al. 1986], whosepurposewas to transformin real time
the interferometer output, proportional to sin ~ (p is the interferometerphaseshift), to a signal
proportionalto ~ suitable to be usedas a FB signal. The pendulumsuspensionpoint was displacedby
both a PZT and a DC motor; the use of the latter was crucial for obtaining high FB amplification.

A method for actively reducingthe dampingproducedby the flexure of the pendulumsuspension
wire at its attachmentpoint has beenproposedand testedby Faller et al. [1987];they obtainedan
increaseof 5.6 in the dampingtime anda lowering of the pendulumresonancefrequency.

The use of active seismic isolation schemesis strongly limited by the difficulty of making multiple
three-dimensional(3D) systems;this necessityis dictated by the fact that a non-isolateddegreeof
freedomreintroducesthe seismic noise evenif the other degreesof freedom are isolated. For this
reasonpassiveschemeshavebeenadopted,able to isolate in the vertical direction as well [Giazotto
1987, Shoemakeret al. 1987a}.

The basic idea is to useamultiple-stagependulumwith the massessupportedby springs. It can be
shown that the frictionless transfer functions for both the vertical and horizontal directions can be
brought to the following canonicalform:

F= JJ1 w~l(_Q2 + w~), (11.6)

whereF is thetransferfunction, t’~= w~/2i~is the nth modefrequencyandN is the numberof masses.
Above the resonancesFcc 112N but the presenceof friction and nonlinearitiescan give a slower
decreasewith frequencyas well as coordinatemixing.

In the interferometricantennasaiming to reachvery low frequency(v � 10 Hz) seismic isolation
requiresa very careful designwith the purposeof avoiding mechanicalresonancesfalling into the
interval 10 � v � 100 Hz; these are produced mainly by the springs’ rocking and normal modes.

To this enda3D seven-stageseismicattenuator(seefig. 11.4)equippedwith gassprings[Del Fabbro
et al. 1988a] has been built by the Pisa group [Del Fabbro et al. 1987]; this attenuator is able to levitate
a 400 kg test mass.The gas springs, shown in fig. 11.5, are able to levitate i0

3 kg with a rigidity of
3.4 x i0~N/rn when usedwith four bellows and 5 x 102 kg with a rigidity of 2 x i04 N/m when used
with two bellows; the normal modes of the bellows are damped by means of dry mechanical adsorbers.
The rocking modes are kept at very low frequency (1 Hz) by making the wire attachment points very
closeto eachother (5 mm).

The transferfunctions for the vertical and horizontaldirections [Del Fabbro et al. 1988b] in the
frequencyinterval 10 ~ ii c68Hz areshown in fig. 11.6. The absolutetest massnoise was measured
with a dip-coil accelerometerhaving a sensitivity of i0’3 rn/\/I4~fig. 11.7 shows the test mass
displacementin the frequencyinterval 0� t’ � 10 Hz togetherwith the exciting seismic noise.Taking
the ratio betweenthesetwo spectra,the transferfunction measuredfor 0� u ~ 10Hz showsthat there
is a ~ vertical to horizontalcoupling [Del Fabbroet al. 1988c].

The generalproblemof cool damping[Forward1978, Kurodaet al. 1982] of the pendulumnormal
modes has been solved by meansof both electromagneticor electrostaticforce actuators.In the
Munich, Glasgowand Caltech interferometersusewas madeof magnetand coils, while in the MIT
interferometerelectrostatictransducerswere used.

The basiclayout of an electromagneticdampingscheme[Shoemaker1987]is shownin fig. 11.8. The
mass position is read by means of a position sensitivediode PSD illuminated by a LED. After
differentiatingthe signal with respectto time,which producesan effective viscousforce,it is appliedto
coil C producinga force on magnetM connectedto the test mass.
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Fig. 11.4. Schematicdiagram of the seismic noise attenuator(from Del Fabbroet al. [1988b]).The two attenuators,composedof a 7-fold
three-dimensionalharmonic oscillator, areable to give isolationin theverticaldirectionas well. The 400kg test massescontainedin thevacuum
chamberarealso shown.This device is able to attenuatethe seismicnoisein the verticaldirection by a factorof ~2 x i0~at 10 Hz.

Fig. 11.5. The schematicdiagramof agasspring (from Del Fabbroet al. l1988a1).The gaspressurepushesthe bellowpiston,which levitatesthe
loadattachedto the lower wire. A rigidity of 34 x iO~N/rn with four bellowsand of 20 X iO~N/rn with two bellowswas obtained.
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Fig. 11.6. The verticaland horizontalTF for the seismicnoiseattenuatorof fig. 11.4 (from Del Fabbroet al. [1988b])in the frequencyinterval
10 � v ~ 68Hz. Theexcitationswereappliedto thesecondstagein thechain;hencetheseplots give upperlimits. At 10 Hz thevertical—horizontal
(V—H) TF was<2.8x 108, while thehorizontal—horizontal(H—H) TF was<5 x iO~.An extrapolationto thesuspensionpoint excitationgives at
10Hz, V—H � 3 x iO

9 andH—H <2 x iO~.

A low-passfilter (LPF) preventsthe dampingsystemto reintroduceseismic noise. This problem,
which is easilysolved for interferometersdesignedto work at high frequency(v � 200 Hz), becomes
crucial for thoseaimedto work at low frequency.In the Pisa attenuator,having normal modesfor

~ 6Hz, it is necessaryto havean LPFcutting the FB at 10 Hz not giving instabilities;thisis a complex
problemto be solved. A six-dimensionaldampingsystemusing PSD has beenbuilt to reducethe
amplitudeof the 0.24Hz pendulummodeof the Pisa attenuator;an absolutedisplacementof the test
massof =3p~mwas obtained[Bradaschiaet al. 1989]. The useof accelerometersinsteadof PSD could
preventthe injection of seismicnoise.

Seismic noise affects the interferometerphase also by meansof the interaction of the mirror
scatteredlight with the vacuumpipewalls [Billingetal. 1983]:the scatteredlight is reflectedby thepipe
walls andthenreentersthemain beamby meansof a secondscatteringprocess.Since thepipewalls are
vibrating,dueto the seismicnoise,theychangethe phaseof the scatteredbeam;the interferenceof the
scatteredbeamwith the main one thenreintroducesthe seismic noise despitethe seismicisolation of
the mirrors. The useof diaphragmsin the vacuumpipe could preventthe scatteredlight which hits the
pipewalls to reenterthe main opticalpath.A thoroughevaluationof the effectsof light scatteringanda
study of baffle configurationsinside the vacuum pipe hasbeen madeby Thorne [1989];the use of
seismically isolated diaphragmsfor low-frequency GW detectorshas been proposedby Giazotto
[1988a].

The effects of the Newtonianforces producedby moving objectshavebeen evaluatedby Saulson
[1984a,b] ‘and found to be negligible with respect to other type of noise at the expected sensitivity of
the new generationof antennas.
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Fig. 11.7. The displacementspectrumof the400kg test massof the Fig. 11.8. Schematicdiagramof a shadowmeterdampingsystem:the
apparatusshown in fig. 11.4 in the frequencyinterval 0 ~ v ~ 10 Hz displacementof themassS is measuredby photodiodePD; thetime
(from Del Fabbro et al. [1988c]).Despite the fact that the ac- differential of this signal is appliedto coil C, which createsa viscous
celerometersensitivity is maximal in the horizontal direction,many force on magnetM.
vertical normal mode peaks are visible; a 102 mixing vertical—
horizontal was measured,showing the necessityto have the vertical
isolation as good as thehorizontal one.

12. Effectsdueto the radiationpressureon the mirrors

As hasbeenshownin section5, radiationpressurecreatesa differentialmotionof the interferometer
mirrors andthis effect can be easilyevaluated.Since~v7i= VWilhv is the fluctuationof the numberof
photonsimpinging on the mirrors in a time t, the momentumfluctuation is t~P= (hvlc)VWtlhz.’,from
which it follows that the rms differentialspectralforce is given by AF = (hvlc)VWlhv.

In a DL systemhaving2N beams,theseforcefluctuationsarecoherentlyaddedandthe measurabili-
ty conditionfor h is [seeeq. (2.9)]

hDL>M112L —vW~, (12.1)

whereW is the incident power.
In a FP cavity whoseinput andfar mirrors haveamplitudetransmittanceT0 and T1, respectively,the
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intracavitypower at optical resonanceis

Wm= WT~F2lir2, (12.2)

whereF~1T~R
0R1l(1— R0R1) is the cavity “finesse”. If T0 ~‘ T1 eq. (12.2) becomes

W~ W(2/ir)F. (12.3)

The fluctuationsof the incident power will be coherentlytransmittedto the mirror for frequencies
smallerthan1/r~in this casethe measurabilityconditionfor h is

hFP>MQ
2L (12.4)

Assuming 11=60rad/s,M=4X102kg, L=3x103m, hp=10~9J,(2/ir)F=2N=30 it follows
from eqs. (12.1) and (12.4) that

hDL = hFP 2 X 10_26VWHz~2. (12.5)

Equation(12.5) showsthat kilowatts of powercan beusedbeforereachingthe photoncountinglimit of
eq. (3.2).

In a FP interferometerthe radiation pressurecan createmultistability; this phenomenonwas
experimentallyobservedin a cavity composedof a fixed mirror and a 60 mg moving suspendedmirror
[Dorselet at. 1983]. When the intracavity powerreached100mW a bistableresponsewas obtained.

This effect hasbeentheoretically investigatedby Deruelle and Tourrenc [1984],Tourrenc and
Deruelle [1985]and by Meystre et al. [1985].Bistability in a three-mirrorsystemwas investigatedby
Meystreet al. [1985].Following the approachof AguirregabiriaandBel [1987]weconsidera pendular
cavity as shown in fig. 12.1. The reflection and transmittancecoefficients of mirror M

1 are R
(cos0) e’~and T= i(sin 0) e’~,respectively;P is the incident light power, D5 + x(t) the mirror
separationand ~A = V7~exp[—i(2irlA)(ct + a)] the incident light field. The light field 4(t) on mirror
M2is

4(t) = Tç6~{t— [D5+ x(t)]lc} — Re/.,(1), (12.6)

wherethe retardedtime I is definedas

c(t — I) = D5 + x(t) + x(I). (12.7)

Neglectingthe effectsof the delay, the equationof motion of mirror M2 is

2 2x+(11/Q)x=—flx+2cb lMc

2 2P sin
2011 X+ ~ 1+cos20+2cos0[(41rIA)(D~+x)—,.L], (12.8)

whereM is the massof mirror M
2, lithe pendulumangularfrequencyand Q the mechanicalquality
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Fig. 12.1. Radiationpressuredisplacesmirror M2 from itsequilibrium position. x(t) is then amultistable function of the radiationpressure.

factor. The relative maxima of the r.h.s.of eq. (12.8), to a good approximation,occurwhen

x—(Al41T)[(2n+1)1r+p~]—D5—x~(n=0,±1,±2,...),

as shownin fig. 12.2 The peakheightsJ= (4P/Mcfl
2)(Flir), whereF is the finesse,can be increased

more andmorein such a way thata new peakcrossesthe y = 0 axis andconsequentlya new stability
point emerges(oyh9x <0).

The delaycan betakeninto accountwriting eq. (12.6) in the following way [AguirregabiriaandBel
1987]:

f(t) = 1 + (cos0) eL~e (t_r5)_X~]f(f— r
1) , (12.9)

where r1 is the time neededby the light to makea roundtrip in the cavity endingat time t, x~is the
equilibrium point and

f(t) = — ~ exp{i[(2ITIA)(ct — — x + a) + r]}. (12.10)

Iteration of eq. (12.9) gives

f = 1 + ~ (cos 0 e~’)~exp(i ~ (x(J) — x~)), (12.11)

whereX(J) x(t — Jr) and r = 2D5lc.
The equationof motion of the pendulumbecomes

x+ (11lQ)~= —11
2x+ (2PIMc) sin2 0 f12. (12.12)

The dominant reductionof the hereditaryequationof motion, evaluatedup to secondorder in the
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Fig. 12.2. Plotof ther.h.s. of eq. (12.8); if the laserpowerP increases,thepeakat x,~
2may crossthey= 0 axis, thuscreatinga newstabilitypoint

(dy/t~x<0).

displacementx(t) — x~,can be put in the form [Bel et al. 1988]

Y+KY+ l2~x0,

1/1 8ry5 \ 8r(1—5y~) 1

K= — 1302(1+~~)~)— /302(1+y~)
4yjll~ (12.13)

= [(i + /3(1+Y~)2) + 3y~ Y]112,

wherey~= 2x
5/0

2, /3 = O4MC/16Pand Y = 2[x(t) — x
5]/0

2. The effect of the delay is thento add a new
“friction” term [Deruelleand Tourenc1984].
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To demonstratethe presenceof chaoswe write eq. (12.12)putting z= x(t) —

I + (1l/Q)i + z = (1gI2 + 2Re g)S, (12.14)

where

2P sin2 0
e(4ITIA)(D

5+x5)—/i.—(2n+1)1r, S~, 2
inC 1+cos0—2cos0cosg

(12.15)

g = f/f0 — 1 = cos0 e~{e(4~ )z(t)][g(I) + 1] — 1) , c(t — I) = 2(D~+ x5) + z + z(i)

Linearizing and theniterating eq. (12.15), eq. (12.14) becomes[AguirregabiriaandBet 1987]

2 ~ ie2+ — z +r z=— — S L Im(cos0e z(tk)), (12.16)
Q k=1

where(Ik) is the retarded time iterated k times. Putting

(12.17)

we obtainthe characteristicequation

— ~ Scos0sin~1+Rl[(eAT_1)+(e~_1)cos
20], (12.18)

whereR = 1 + cos20— 2 cos0 cos e and r = 2(D~+ x
5)/c. Due to eq. (12.17) instability occurs when

Re A> 0; hence the point Re A =0 is the bifurcation point. The power P for any r, giving rise to
instability, hasalso beenevaluated.

In the VIRGO project[Pisa,Napoli,Frascati,Orsay, ParisCollab. 1987,Paris,Orsay,Pisa,Napoli,
FrascatiCollab. 1988] havingarm lengthof 3 km, A = 1 rim, power500W, mirror mass400kg, finesse
F= 30 and pendular mechanical quality factor Q 10~,the retarded effects [Tourrenc, private
communication]give the unstableequationof motion for the mirror

Y = A exp(2 x i0~t) sin(6t+ cb). (12.19)

This instability seemsto be easilycorrectedfor by meansof active feedbackof the mirror damping.

13. Cosmicray background

The interaction of particles with matter excites oscillation modeswhich can be experimentally
detected.In an experiment[Beron and Hofstadter1969] the modesof apiezoelectricdisc havebeen
excitedby an electronbeamcontaining104_106particleper pulseof 1 psduration.

In a subsequentexperiment[GrassiStrini et at. 1980] the interactionof 30 MeV protonswith an Al
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rod 0.2m long and 3 x 10~m diameterwas studied. The effect was the excitation of the rod’s
fundamentallongitudinal modewith an amplitude

4~cos1Tx/L (13.1)

whereL is the rod length, W the energylost by the hitting particles,a therod thermallinear expansion
coefficient,C~,the specific heatatconstantvolume,M the massof the rod andx the distancefrom the
centerat which the particlescrossthe rod. Theoreticalcalculations[AllegaandCabibbo1983,Bernard
et at. 1984] havebeenperformedgiving good agreementwith eq. (13.1).

The interferometermirrors whenhit by a cosmicray undergoboth excitationof the internaldegree
of freedom and of the suspensionpendulum modes. The mirror’s internal degreesof freedom are
excitedboth by the heat producedwith an amplitude given by eq. (13.1), and by the differential
momentumreleasedby the cosmicrays.The excitationof the mirror pendulummodeby cosmicmuons
hasbeenevaluatedby Weiss [1972]consideringonly ionization losses.

In a subsequentwork of Amaldi andPizzella [1986]the effect of productionof knock-onelectrons,
bremsstrahlung,direct pair productionandphotonuclearinteractionsby muonswasshownto be crucial
for the evaluationof the cosmic muon noise in a bar antenna.A Monte Carlo simulationof the
backgrounddue to high-energycosmic muonsin a bar antennahasbeendone by Ricci [1987].

A calculationtaking into accountboth ionization lossesand the four processesmentionedfor an
antennahaving 3 km arm length and 400 kg quartzmirror mass,hasbeendone by Giazotto [1988b].
The resultsshow that muonsof 102 GeV give 1 ms pulseshavingh 10_23with a frequencyof 102 yr~
and i04 GeV muonsgive h 10_21 with a frequencyof 10_6 yr~.

For periodic GW the calculationgives the following measurabilitycondition for h:

h> 10_25/v2Hz”2 , (13.2)

wherethe GW frequency~‘ hasbeenassumedto be larger thanthe pendulumfrequencyandsmaller
thanthe frequencyof the lowestmodeof the mirror.

14. Conclusions

In this section the relevant types of noise describedpreviously, limiting the interferometer’s
sensitivity, are evaluatedas a function of the GW frequencyand comparedwith the GW strain
amplitude of some astrophysicalsources.For the evaluation of thesetypes of noise the following
parameterscharacterizingthe interferometerare assumed:arm length L = 3 km, FP finesseF = 40,
suspensionquality factor Q = 106, mirror quality factor Q

1 = i0~,temperatureT= 300K, frequencyand
massof the lowest longitudinalmodeof the mirror v~= 2500Hz andM1 = 150kg, respectively,mirror
massM = 300kg, vacuumpipe pressureP= i0~mb assumingthe residualgas to be H2, recirculated
light power W= 1 kW andseismic noisespectraldisplacementXT 3 x ll~-~I~2 mVH~.

In fig. 14.1 the interferometersensitivityis shownas a function of thecharacteristicfrequencyof the
incident GW, which is assumedto be the inverseof the pulsedurationof the GW, togetherwith some
relevanttypesof noise and astrophysicalGW sourceamplitudes.Line a is the sensitivity limit dueto
seismicnoisereachingthe mirrors suspendedas a simple 1 m pendulum,line b representsthe limit due
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Fig. 14.1. The sensitivityto anincidentGW of a3km arm lengthinterferometer,whosephysicalparametersaredefinedin thetext; theobservation
frequencyis assumedto be the inverseof theGW pulseduration. The typesof noiseare:a, seismicnoise (1 m simple pendulum),b, seismicnoise
[DelFabbroet al. 1988b], c,mirror suspensionthermalnoise,d, mirror first longitudinalmodethermalnoise,e, photoncountingnoise,f, pressure
fluctuationsin thevacuumpipe (FP), g, quantumlimit. H is theresultinginterferometersensitivityassumingtheseismicnoiseto be givenby curve
b. Theexpectedamplitudesfor gravitationalcollapse[seeeq. (1.2)] in theGalaxy (s~= 0.1) andin theVirgo cluster(t~= 0.1,0.01)arealsoshown;
theamplitudesfor coalescingbinarieshavebeenevaluatedfor (M = 2 M0, s = 0.5) and (M = 10 M0, ~s=0.1), integratingoverthetime givenby
eq. (1.4).
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Fig. 14.2. Thesensitivity of a 3 km arm length interferometer,whose physicalparametersaredefinedin thetext, to periodicalG~,assuminga 1 yr
integrationtime. The symbolsare explainedin the caption to fig. 14.1. The upper limits to the GW amplitudesof theVela and Crab pulsars
[Zimmermann1978, Pandharipandeet al. 1976] areexpectedto be in the sensitivity rangeof the interferometer(curve H) if seismic noise is
assumedto be given by curve b.
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to seismicnoisefiltered by the attenuatordescribedby Del Fabbroet al. [1988b],line c representsthe
suspensionthermalnoise and line d the mirror’s first longitudinal normalmode thermalnoise,line e
representsphotoncountingnoise,line f representsthe noisedue to vacuumpipe gasfluctuationsand
line g the quantumlimit.

The amplitudesof gravitationalcollapsehavebeenevaluatedusingeq. (1.2) assumingthe frequency
to be the inverseof the collapseduration.The coalescenceamplitudeshavebeenevaluatedusing eq.
(1.3) integratedover the time elapsedgiven by eq. (1.4). The total noiseb + c + d + e + f + g is shown
by the line H.

The interferometer sensitivity to periodic signals integrated over 1 year is shown in fig. 14.2; the
noise symbols are the same as in fig. 14.1. The upperlimits to the GW amplitudesemittedby the Vela
andCrab pulsarsare also shown.
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